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Abstract

A three-dimensional full band simulator for nanowire field-effect tran-
sistors (FETs) is presented in this thesis. At the nanometer scale the
classical drift-diffusion transport theory reaches its limits; quantum
transport (QT) phenomena govern the motion of electrons and holes.
The development of a QT simulator requires the assembly of several
physical models and the choice of appropriate simplifications.

In the first part, the Non-Equilibrium Green’s Function (NEGF)
formalism is reviewed, a method extensively used for the description
of nanostructures. It is applied to the simulation of a two-dimensional
ultra-thin-body (UTB) transistor and of a three-dimensional nanowire
FET, both treated within the effective mass approximation (EMA)
and in a coupled mode-space. However, the strong quantization effects
that characterize structures with dimensions below five nanometers
oblige an accurate QT simulator to go beyond the EMA.

The semi-empirical sp3d5s∗ tight-binding (TB) method is chosen
as bandstructure model because (1) it reproduces the complete bulk
(E−k) relation of a wide range of semiconductor materials, (2) it uses
an atomic grid, and (3) its extension to nanostructures is straightfor-
ward. The integration of the TB method into a transport code is only
possible, if open boundary conditions (OBC) are introduced. The
available procedures to apply OBC in a three-dimensional multiband
QT simulator are computationally too intensive since they represent a
generalized eigenvalue problem or require iterative solvers. Therefore,
a new method based on the scattering-boundary approach is devel-
oped in this work. It significantly reduces the computational burden
associated with the OBC calculation. Furthermore, it can be formu-
lated either in the NEGF or in the Wave Function formalism, and
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viii ABSTRACT

it works for any channel orientation, material composition, and cross
section shape.

Finally, simulations of nanowire FETs are achieved by self-consis-
tently coupling the full-band transport solver to the three-dimensional
computation of the electrostatic potential in the device (Poisson’s
equation). Two different wire types are studied, one with a perfect
stoichiometric structure (atoms occupy all the lattice positions) and
another with atomic roughness at the semiconductor-oxide interface.
Channel orientations along the [100], [110], [111], and [112] axis are
considered.



Zusammenfassung

In der vorliegenden Dissertation wird ein Simulator für dreidimen-
sionale Nanowire-Feldeffekt-Transistoren (NW-FETs) präsentiert, der
vollständige Bandstrukturen benutzt. Im Längenbereich von wenigen
Nanometern stösst die klassische Drift-Diffusions-Transporttheorie an
ihre Grenzen. Die Bewegung der Ladungsträger wird wesentlich durch
Quantenphänomene bestimmt, so dass eine Beschreibung mittels
Quanten-Transport (QT) notwendig wird. Die Entwicklung eines
QT-Simulators erfordert die Kombination von verschiedenen physi-
kalischen Modellen und die Wahl geeigneter Vereinfachungen.

Zuerst wird die Methode der Greenschen Funktionen im Nicht-
gleichgewicht (Non-Equilibrium Green’s Functions - NEGF) wieder-
holend dargestellt, die für ihre breite Anwendung auf Nanostrukturen
bekannt ist. Sie wird dann für die Simulation eines zweidimensio-
nalen Ultra-Thin-Body-Transistors und eines dreidimensionalen NW-
FETs eingesetzt. Beide Bauelemente werden mittels Effektivmassen-
Approximation (EMA) in einem gekoppelten Modenraum behandelt.
In Strukturen mit Abmessungen von weniger als fünf Nanometern
werden die Quanteneffekte jedoch so stark, dass ein leistungsfähiger
QT-Simulator über die EMA hinausgehen muss.

Als Bandstruktur-Modell wird die semi-empirische sp3d5s∗ Tight-
Binding-Methode (TB-Methode) gewählt, da sie (i) die vollständige
E − k-Relation von verschiedenen Volumen-Halbleitern reproduziert,
(ii) ein Atomgitter verwendet, und (iii) weil ihre Ausdehnung auf
Nanostrukturen unkompliziert ist. Die Integration von TB-Band-
strukturen in einem QT-Simulator gelingt nur, wenn offene Rand-
bedingungen (Open Boundary Conditions - OBC) gestellt werden.
Bestehende Verfahren, mit denen die OBC in einem dreidimensiona-
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x ZUSAMMENFASSUNG

len Multiband-QT-Simulator behandelt werden können, sind jedoch
zu zeitaufwendig (iterative Löser und verallgemeinerte Eigenwertpro-
bleme). Daher wird in der vorliegenden Arbeit eine neue Methode
entwickelt, die auf der Scattering-Boundary-Näherung basiert. Mit
dieser Methode wird der Rechenaufwand, der aus den OBC entsteht,
entscheidend verringert. Sie kann sowohl im Rahmen der NEGF, als
auch in einer Theorie basierend auf Wellenfunktionen, formuliert wer-
den und funktioniert für jede Kanal-Orientierung, für beliebige Mate-
rialien und für alle Querschnittsformen.

Im letzten Teil der Arbeit werden selbstkonsistente Simulationen
von NW-FETs durchgeführt, indem das Multiband-Transportmodell
mit der Berechnung des dreidimensionalen elektrostatischen Bauele-
mentpotentials (Poisson Gleichung) gekoppelt wird. Zwei verschie-
dene Typen von NW-FETs werden untersucht: (i) mit perfekter stö-
chiometrischer Struktur (Atome besetzen alle Gitterstellen des geome-
trisch idealen Quantendrahts) und (ii) mit einer Oberflächen-Rauhig-
keit auf atomarer Skala an der Halbleiter-Oxid-Grenzfläche. Es wer-
den Kanal-Orientierungen entlang [100], [110], [111] und [112] betrach-
tet.
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Chapter 1

Introduction

Nowadays microprocessors build the core of most of the electronic in-
struments, from personal computers to mobile phones, DVD players,
car brake systems, and so on. The constant request for performance
improvement is mainly satisfied in three different ways. First, an in-
crease of the microprocessor surface offers the possibility of integrating
more functionality on the same board. Secondly, circuit designers and
software engineers optimize the available resources. Thirdly, the size
of the transistors constituting the active part of the microprocessors
is decreased.

Practical limits of the chip area force the semiconductor indus-
try to put a lot of its efforts on transistor miniaturization. Thirty
years of aggressive scaling have pushed the device dimensions close
to the atomic range. Recently reported structures of metal-oxide-
semiconductor field-effect transistors (MOSFETs) already have chan-
nel lengths in the order of 10 nm or even smaller[1]. Such short
channels are hard to fabricate, induce source-to-drain tunneling, and
require very thin oxide layers causing significant gate leakage cur-
rents. The search for advanced device architectures that could over-
come these difficulties has just started. It is part of the new research
field called nanoelectronics.

Semiconductor nanowires (NWs) may play an important role in
the future of nanoelectronics, since they can act both as active de-
vices (transistors) and as wire connectors. Recently, several groups
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2 CHAPTER 1. INTRODUCTION

have grown Si[2], GaAs[3], or Ge[4] NWs with different channel ori-
entations and cross section shapes. Field-effect transistors (FETs)
with a triangular[5], rectangular[6], or cylindrical[7] wire as channel
have been reported in the literature. Nanostructures with even more
exotic cross sections, such as T-shape wires, have found practical ap-
plications, for example in the optoelectronics area[8].

The fabrication of novel devices is a long and expensive process.
A well-established way of accelerating the production and of reducing
the costs consists in replacing experimental development techniques
by technology computer aided design (TCAD). In this work, simula-
tion tools based on state-of-the-art semiconductor physics have been
developed for studying and designing future post-CMOS transistors,
with emphasize on nanowire FETs. To properly describe and model
the current flow in these nanodevices, it becomes necessary to abandon
classical concepts and to include quantum mechanical phenomena[9].
With appropriate simplifications to manage the computational bur-
den, the Non-Equilibrium Green’s Function (NEGF) formalism[10, 11]
and the Wave Function formalism[12] provide a suitable framework
for simulating quantum transport in nanowire-based devices. Never-
theless, the large amount of grid points necessary to describe these
three-dimensional structures asks for large computational resources.

A reduction of the nanowires cross sections should ease the simu-
lation, as the number of grid points is lowered. However, this ignores
the fact that electronic transport in nanowires with a size comparable
to the de Broglie wavelength exhibits significant quantization effects.
Thus the inclusion of the full crystal bandstructure is essential for
devices with a cross section smaller than 5 nm × 5 nm[13]. A cor-
rect behavior in the vicinity of the conduction and the valence band
edges (effective mass approximation) is not sufficient. The result is a
description of each grid point by a matrix, instead of a scalar, whose
size reflects the complexity of the bandstructure model. Nanoscale di-
mensions do not relax the computational burden, but, on the contrary,
they increase it.

An additional challenge is related to the treatment of scattering
effects, particularly carrier-phonon interactions, that generate fur-
ther computational efforts. At this stage, it does not seem possi-
ble, within a reasonable time, to simulate realistic three-dimensional
nanostructures with the simultaneous inclusion of full-band and scat-
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tering effects. However, the influence of both effects has been al-
ready treated separately on a one-dimensional example, the resonant-
tunneling diode (RTD)[14]. Important features of this device are the
position and the magnitude of its valley current. The authors of
Ref. [14] found that the correct reproduction of these characteristics
depends more on the accuracy of the bandstructure model than on
the inclusion of the electron-phonon interactions.

Therefore, the efforts are focused on the bandstructure effects in
semiconductor nanowires and quantum transport beyond the effective
mass approximation is considered. Results are presented in Chapter
6 of this thesis. The development of a three-dimensional, full-band,
quantum transport simulator requires several steps. In Chapter 2,
the NEGF formalism is reviewed, from the two-time definition of the
Green’s function to its practical form for simulations. It is shown
how the boundary conditions are included, how to express the Green’s
function in different basis representations, and how to calculate carrier
and current densities.

Chapter 3 is dedicated to the effective mass approximation (EMA).
Although it does not allow a correct description of the quantization
effects in nanostructures, it can be used as a reference to estimate
the importance of a full bandstructure. A simplification scheme, the
coupled mode-space, is applied to the EMA-NEGF formalism and
serves as basis for the simulation of a two-dimensional ultra-thin body
(UTB) MOSFET and a three-dimensional nanowire FET.

Since the EMA fails when the confinement of the carriers becomes
important, it is necessary to find a more appropriate bandstructure
model. In Chapter 4 it is shown why the sp3d5s∗ semi-empirical tight-
binding model is the method of choice . Its capability of reproducing
the full bandstructure of diamond (Si), zincblende (GaAs), wurtzite
(GaN), and other crystal structures, as well as its atomic description
of the simulation domain are both determining arguments.

In Chapter 5 the sp3d5s∗ tight-binding method is coupled to a
nanowire quantum transport solver. The calculation of the open
boundary conditions (OBC) is improved to reduce the computational
burden. It is demonstrated how the OBC can be integrated into a
NEGF or Wave Function solution scheme. The main achievements
are the simulation of nanowires with different cross sections and chan-
nel orientations, the inclusion of mechanical strain, the possibility of
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treating non-ideal contacts, and the investigation of alloy disorder.
Finally, Chapter 6 assembles the models from the previous chap-

ters and presents the simulation of Si nanowires with different channel
orientations. The three-dimensional electrostatic potential is com-
puted self-consistently with the device charge density. The full-band
current characteristics are compared to the EMA results. Although
scattering effects are out of the scope of this work, the tight-binding
formalism is well-suited for the simulation of nanowires with semi-
conductor-oxide interface roughness.

The TCAD tools developed in this work comprise a two- and a
three-dimensional coupled mode-space/real-space EMA-NEGF solver,
a bulk, UTB, nanowire bandstructure calculator, and a parallel, three-
dimensional, full-band nanowire simulator.



Chapter 2

Non-Equilibrium
Green’s Function

2.1 Introduction

The concept and the first applications of the non-equilibrium Green’s
function (NEGF) were given by Schwinger[15], Kadanoff and Baym[16],
Fujita[17], and Keldysh[18] at the beginning of the 1960’s.

The NEGF formalism provides a conceptual basis for the develop-
ment of quantum-mechanical simulators needed to design post-CMOS
nanoscale devices. It works with the effective mass approximation[19],
but it allows the inclusion of sophisticated bandstructure models on
an atomic level[14]. Any kind of scattering can be treated, using the
simplest[11, 20] or the most advanced approximation[21, 22], but bal-
listic transport remains the most widespread form[23, 24, 25, 26].

In this Chapter, the NEGF formalism is reviewed, discussing its
definition in the time domain, its equation of motion, its basis expan-
sion, its stationary solution in the energy domain, the inclusion of a
bandstructure model and of scattering, the open boundary conditions,
and, finally, the calculation of observable variables such as carrier and
current densities. The relation to the Wave Function formalism is
derived in Appendix C.

5



6 CHAPTER 2. NON-EQUILIBRIUM GREEN’S FUNCTION

2.2 Definition

According to the expectation value of operators expressed in the
Heisenberg picture (see Appendix A), the one-particle non-equilibrium
Green’s function, labeled G(r, t; r′, t′) is defined as

G(r, t; r′, t′) = − i
�
〈T
{
ψ̂H(r, t)ψ̂†

H(r′, t′)
}
〉

= − i
�
(θ(t, t′)〈ψ̂H(r, t)ψ̂†

H(r′, t′)〉 −

θ(t′, t)〈ψ̂†
H(r′, t′)ψ̂H(r, t)〉). (2.1)

The operator ψ̂†
H(r′, t′) (ψ̂H(r, t)) creates (annihilates) a particle at

position r′ (r) and time t′ (t). The time-ordering operator T orders
the operators along the contour C in Fig. A.1. The function θ(t, t′)
is defined on the same contour C with θ(t, t′) = 1, if t is later on C
than t′, or in a mathematical expression

t > t′ t′ > t
t later on C θ(t− t′) θ(t′ − t)
t′ later on C θ(t′ − t) θ(t− t′)

(2.2)

and its time-derivative is given by

d
dt
θ(t, t′) = δ(t, t′) = − d

dt
θ(t′, t). (2.3)

The δ-function δ(t, t′) is defined on a contour with the same properties
as Eq. (2.2), but with additional negative signs in the non-diagonal
blocks.

The non-equilibrium Green’s function G(r, t; r′, t′) expresses a cor-
relation between two times t and t′ and two positions r and r′. For t
later on C than t′, G(r, t; r′, t′) describes the reaction of a system to a
particle created at position r′ and time t′, to the propagation of this
perturbation to position r and time t, and finally to its annihilation
there. A similar interpretation can be found if t′ is later on C than t.

To calculate the time evolution of G(r, t; r′, t′), its equations of
motion is derived in the Heisenberg picture with respect to time t and
to time t′. For that purpose, the Hamilton operator Ĥ = Ĥ0 + V̂
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is introduced. Ĥ0 contains the lattice and the electrostatic potential,
while V̂ includes the scattering mechanisms. For brevity, only carrier-
carrier interactions are considered here, but it is shown later in this
Chapter how to treat other phenomena. In the notation of second
quantization, the Hamiltonian reads

Ĥ = Ĥ0 + V̂

=
∫

dr ψ̂†(r)H0(r)ψ̂(r)

+
1
2

∫
dr
∫

dr′ ψ̂†(r)ψ̂†(r′)V (r− r′)ψ̂(r′)ψ̂(r). (2.4)

To derive the NEGF equations of motion, dG(r, t; r′, t′)/dt, as well as
dG(r, t; r′, t′)dt′, some useful abbreviations are required: 1 = (r1, t1),
V (1 − 2) = V (r1 − r2)δ(t1 − t2), δ(12) = δ(t1, t2)δ(r1 − r2), and∫
C

d1 =
∫
C

dt1
∫

dr1. The time integration is in the complex plane,
along the contour C in Fig. A.1. For the derivative with respect to t
one obtains

d
dt
T
{
ψ̂H(r, t)ψ̂†

H(r′, t′)
}

= T

{
d
dt
ψ̂H(r, t)ψ̂†

H(r′, t′)
}

+

δ(t, t′)
[
ψ̂H(r, t), ψ̂†

H(r′, t)
]
+

= T

{
d
dt
ψ̂H(r, t)ψ̂†

H(r′, t′)
}

+

δ(t, t′)δ(r− r′), (2.5)

where the second term of the right-hand side (δ(t, t′)δ(r− r′)) results
from the time derivative of the time-ordering operator T . It also takes
into account the commutation property of the creation and annihila-
tion operators [

ψ̂H(r, t), ψ̂†
H(r′, t)

]
+

= δ(r− r′). (2.6)

To evaluate the first right-hand side term in Eq. (2.5), it is neces-
sary to know the time evolution of the annihilation operator ψ̂H(r, t).
Since it is expressed in the Heisenberg picture, the equation of motion
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(A.7) can be applied after the Hamiltonian Ĥ in Eq. (2.4) has been
transformed into this basis

i�
d
dt
ψ̂H(r, t) =

[
ψ̂H(r, t), ĤH(t)

]
= H0(r)ψ̂H(r, t) + (2.7)∫

dr′ V (r− r′)ψ̂†
H(r′, t)ψ̂H(r′, t)ψ̂H(r, t).

Multiplying Eq. (2.7) by the creation operator ψ̂†
H(r′, t), adding the

second right-hand side term of Eq. (2.5), applying the time-ordering
operator T , and building the expectation value of the overall expres-
sion gives the equation of motion of the non-equilibrium Green’s func-
tion G(r, t; r′, t′).

By taking into account the above considerations, the equation of
motion for G(r, t; r′, t′) = G(11′) relative to t becomes(

i�
d
dt

−H0(r)
)
G(11′) = δ(11′) − (2.8)

i�

∫
C

d3 V (1 − 3) G(2)(13−1′3+)

and relative to t′(
−i� d

dt′
−H0(r′)

)
G(11′) = δ(11′) − (2.9)

i�

∫
C

d3 V (1′ − 3) G(2)(13−1′3+)

where the two-particle Green’s function G(2)(131′3′) is defined as

G(2)(131′3′) =
(
− i

�

)2

〈T
{
ψ̂H(1)ψ̂H(3)ψ̂†

H(3′)ψ̂†
H(1′)

}
〉. (2.10)

Equations (2.8) and (2.9) induce an infinite hierarchy, because the
time evolution of the one-particle Green’s function G(11′) requires
the knowledge of the two-particle Green’s function G(2)(131′3′). In
turn, the equation of motion for the two-particle Green’s function
contains three-particle Green’s functions and so on. To truncate this
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infinite hierarchy the self-energy Σ(11′) is introduced in the second
right-hand-side term of Eqs. (2.8) and (2.9)(

i�
d
dt

−H0(r)
)
G(11′) = δ(11′) +

∫
C

d3 Σ(13)G(31′), (2.11)(
−i� d

dt′
−H0(r′)

)
G(11′) = δ(11′) +

∫
C

d3 G(13)Σ(31′). (2.12)

Equations (2.11) and (2.12) are the result of the application of Feyn-
man diagrams[27], Wick’s decomposition[28], or functional derivatives
[29] to approximate the two-particle Green’s function G(2)(131′3′).
These techniques allow different orders of complexity, from the Har-
tree-Fock[30] to the Second Born approximation[22], without any up-
per limit. Some examples will be given later in this Chapter.

2.3 Langreth Theorem

The equations of motion for the non-equilibrium Green’s function
G(11′) include integrals over a complex time-loop

∫
C

. They are rather
impractical in calculations unless they are replaced by real time in-
tegrals. Since it is not obvious to keep track of time-branch in the
evaluation of

∫
C

in Fig. A.1, four new Green’s functions with real
time arguments are defined

G(11′) =



Gc(11′) t,t′ on Cc,
Ga(11′) t, t′ on Ca,
G<(11′) t on Cc, t′ on Ca,
G>(11′) t on Ca, t′ on Cc.

(2.13)

Here, Cc (Ca) represents the chronological (anti-chronological) part of
the contour C in Fig. A.1. The chronologically time-ordered Green’s
function Gc(11′) (with T c from Eq. (A.16))

Gc(11′) = − i
�
〈T c
{
ψ̂H(1)ψ̂†

H(1′)
}
〉, (2.14)

the anti-chronologically time-ordered Green’s function Ga(11′) (with
T a from Eq. (A.19))

Ga(11′) = − i
�
〈T a

{
ψ̂H(1)ψ̂†

H(1′)
}
〉, (2.15)
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the lesser Green’s function G<(11′)

G<(11′) =
i

�
〈ψ̂†

H(1′)ψ̂H(1)〉, (2.16)

and the greater Green’s function G>(11′)

G>(11′) = − i
�
〈ψ̂H(1)ψ̂†

H(1′)〉 (2.17)

are not linearly independent functions because Gc +Ga = G> +G<.
For quantum transport problems, the most suitable functions are
G<(11′) and G>(11′) that are directly related to observables. The
advanced GA(11′) and the retarded GR(11′) Green’s functions are
preferred to the unusual Ga(11′) and Gc(11′)

GA(11′) = Gc(11′) −G>(11′), (2.18)
GR(11′) = Gc(11′) −G<(11′), (2.19)

with GR − GA = G> − G<. The same conventions are applied to
Σ(11′) leading to the lesser Σ<(11′), the greater Σ>(11′), the advanced
ΣA(11′) and the retarded ΣR(11′) self-energies. The relation ΣR −
ΣA = Σ> − Σ< holds in this case, too[30].

In the equations of motion (2.11) and (2.12), terms of the form
C = AB are encountered, or, explicitly,

C(t, t′) =
∫
C1

dτ A(t, τ)B(τ, t′), (2.20)

where C1 is the contour of Fig. A.1. To evaluate Eq. (2.20), it is first
assumed that t is on the upper part (chronological branch) and t′ on
the lower part (anti-chronological branch) of the time contour so that
C<(tt′) is calculated. By combining Eq. (2.1) and Eq. (2.13), one has

A(t, τ) = θ(t, τ)A>(t, τ) + θ(τ, t)A<(t, τ),
B(τ, t′) = θ(τ, t′)B>(τ, t′) + θ(t′, τ)B<(τ, t′). (2.21)

After these forms are inserted into Eq. (2.20), four different prod-
ucts A≷B≷ appear. For example, the term A<B< is preceded by
θ(τ, t)θ(t′, τ). This means that τ is later on the time contour than t,
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but earlier than t′. Furthermore, t′ is later on C1 than t (assumption).
This gives∫

C1

dτ θ(τ, t)θ(t′, τ)A<(t, τ)B<(τ, t′) =
∫ t′

t

dτ A<(t, τ)B<(τ, t′)

=
∫ t′

t0

dτ A<(t, τ)B<(τ, t′)

−
∫ t

t0

dτ A<(t, τ)B<(τ, t′).

The same procedure applies to the three other products in Eq. (2.20)
leading to the following expression

C<(t, t′) =
∫ t

t0

dτ
(
A>(t, τ) −A<(t, τ)

)
B<(τ, t′) −

∫ t′

t0

dτ A<(t, τ)
(
B>(τ, t′) −B<(τ, t′)

)
(2.22)

=
∫ ∞

t0

dτ θ(t− τ) (A>(t, τ) −A<(t, τ)
)
B<(τ, t′) −∫ ∞

t0

dτ A<(t, τ)θ(t′ − τ) (B>(τ, t′) −B<(τ, t′)
)

=
∫ ∞

t0

dτ
(
AR(t, τ)B<(τ, t′) +A<(t, τ)BA(τ, t′)

)
.

This is the first part of Langreth’s theorem[31], also written as C< =
ARB< +A<BA. Analogously one finds

CR(t, t′) =
∫ t

t′
dτ AR(t, τ)BR(τ, t′). (2.23)

In a compact form, this relation is expressed as CR = ARBR for the
retarded configuration and as CA = AABA for the advanced one.

The equations of motion for G(11′) with respect to time t and with
real time arguments become(

i�
d
dt

−H0(r)
)
GR(11′) = δ(11′) +

∫ ∞

t0

d3 ΣR(13)GR(31′),



12 CHAPTER 2. NON-EQUILIBRIUM GREEN’S FUNCTION

(
i�

d
dt

−H0(r)
)
GA(11′) = δ(11′) +

∫ ∞

t0

d3 ΣA(13)GA(31′),(
i�

d
dt

−H0(r)
)
G<(11′) =

∫ ∞

t0

d3
(
ΣR(13)G<(31′)+

Σ<(13)GA(31′)
)
, (2.24)

and with respect to time t′(
−i� d

dt′
−H0(r′)

)
GR(11′) = δ(11′) +

∫ ∞

t0

d3 GR(13)ΣR(31′),(
−i� d

dt′
−H0(r′)

)
GA(11′) = δ(11′) +

∫ ∞

t0

d3 GA(13)ΣA(31′),(
−i� d

dt′
−H0(r′)

)
G<(11′) =

∫ ∞

t0

d3
(
GR(13)Σ<(31′)+

G<(13)ΣA(31′)
)
. (2.25)

The equations for the retarded and the advanced Green’s functions
can be solved independently, except if the retarded and the advanced
self-energies depend on the lesser or greater Green’s function. In this
case, the system of equations (2.24) (or (2.25)) is tightly coupled and
very difficult to solve.

2.4 Basis Expansion

The non-equilibrium Green’s function G(11′) depends on the contin-
uous space variables r and r′ through the creation and annihilation
operators ψ̂H(r, t) and ψ̂†

H(r′, t′). These operators can be expanded
in a complete set of orthogonal functions ϕn(r) that form a basis.
n can be a wave vector index, a state number index, a x−, y−, or z−
position index, an orbital type index, or a combination of these pa-
rameters. The characteristics of n are related to the device structure
(bulk, quantum well, quantum wire, or quantum dot, periodic bound-
ary conditions or not) and to the physical models involved in the sim-
ulation (bandstructure complexity and scattering). One starts with
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the definition of the creation and annihilation operators, expressed in
the Heisenberg picture

ψ̂†
H(r, t) =

∑
n

ĉ†n(t)ϕ∗
n(r), (2.26)

ψ̂H(r, t) =
∑
n

ĉn(t)ϕn(r), (2.27)

where ĉ†n(t) and ĉn(t) creates and annihilates a particle in a state n
at time t, respectively. G(11′) has then the following form

G(11′) =
∑
n,m

ϕn(r) · 〈T {ĉn(t)ĉ†m(t′)
}〉 · ϕ∗

m(r′)

=
∑
n,m

ϕn(r) ·Gnm(tt′) · ϕ∗
m(r′). (2.28)

Using the orthogonality of the expansion functions, the inverse trans-
formation is established

Gnm(tt′) =
∫

dr
∫

dr′ ϕ∗
n(r) ·G(11′) · ϕm(r′). (2.29)

The same relations are derived for the self-energies Σ(11′) so that
Eqs. (2.11) and (2.12) become

i�
d
dt
Gnm(tt′) −

∑
l

hnlGlm(tt′) = δnm(tt′) + (2.30)

∑
l

∫
C

dt1 Σnl(tt1)Glm(t1t′),

−i� d
dt′
Gnm(tt′) −

∑
l

Gnl(tt′)hlm = δnm(tt′) + (2.31)

∑
l

∫
C

dt1 Gnl(tt1)Σlm(t1t′),

where hnm =
∫

dr ϕ∗
n(r)H0(r)ϕm(r). The basis expansions of the

retarded, advanced, and lesser Green’s functions take the same form
as above, but they are omitted for brevity.
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2.5 Tight-Binding Approximation

Atomic orbital functions φσ(r−Ri) of type σ (cation or anion, single-
band, s−, p−, or d− orbital) and located on an atom at vector position
Ri are a special basis choice. The φσ(r−Ri)’s are very localized func-
tions so that non-zero matrix-elements with their nearest-neighbors
only are assumed[32].

Four different cases with atomic orbitals used as basis function are
studied. For a bulk structure with periodic boundary conditions in
the x−, y−, and z− direction, one obtains ϕn(r) by forming a Bloch
sum of the atomic orbitals

ϕn(r) → ϕk,σ =
1√
N

∑
Ri

φσ(r−Ri)eik·Ri

Gnm(tt′) → Gσ1σ2(k; tt′) (2.32)

G(11′) →
∑

k,σ1σ2

ϕk,σ1(r)Gσ1σ2(k; tt′)ϕ∗
k,σ2

(r′),

N being a normalization constant. In the presence of confinement in
the z− direction or if the periodicity along this axis is broken (het-
erostructure, applied voltage), the Bloch sum must be modified

ϕn(r) → ϕkt,σ,zi
=

1√
Nt

∑
Rti

φσ(r− {Rti, zi})eikt·Rti

Gnm(tt′) → Gσ1i1;σ2i2(kt; tt′) (2.33)

G(11′) →
∑

k,σ1σ2

∑
i1i2

ϕkt,σ1,zi1
(r)Gσ1i1;σ2i2(kt; tt′)ϕ∗

kt,σ2,zi2
(r′).

The vector Rt = (x, y) denotes the transverse position of the atoms.
Nt normalizes the basis wave function. Gσ1i1;σ2i2(kt; tt′) is calculated
for an atomic chain with atoms located at all the zi positions. When
y and z have finite dimensions, only x remains periodic and the basis
functions are given by

ϕn(r) → ϕkx,σ,yj ,zk
=

1√
Nx

∑
xi

φσ(r− {xi, yj , zk})eikxxi

Gnm(tt′) → Gσ1j1k1;σ2j2k2(kx; tt
′) (2.34)
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G(11′) →
∑

kx,σ1σ2

∑
j1k1j2k2

ϕkx,σ1,yj1zk1
(r)Gσ1j1k1;σ2j2k2(kx; tt

′)

× ϕ∗
kx,σ2,yj2zk2

(r′).

Nx is a normalization constant. Gσ1j1k1;σ2j2k2(kx; tt
′) takes all the yj

and zk points into account. Finally, for a structure with no periodicity
(quantum dot or biased nanowire), the following ansatz is made for
ϕn(r) and for the expansion of G(11′)

ϕn(r) → ϕσ,xi,yj ,zk
= φσ(r− {xi, yj , zk})

Gnm(tt′) → Gσ1i1j1k1;σ2i2j2k2(tt
′) (2.35)

G(11′) →
∑
σ1σ2

∑
i1j1k1i2j2k2

ϕσ1,xi1yj1zk1
(r)Gσ1i1j1k1;σ2i2j2k2(tt

′)

× ϕ∗
σ2,xi2yj2zk2

(r′).

After the basis functions are chosen, the matrix elements hnm are
calculated. The non-interacting Hamiltonian H0(r)

H0(r) =
p2

2m0
+
∑
i

V (r−Ri) +HSPIN (r) (2.36)

is used for that purpose. The simplest approach, called single-band
tight-binding model, consists in taking one orbital type only in φσ(r−
Ri) (the anion and the cation are lumped into a single orbital). The ef-
fective mass Hamiltonian is composed of the single-band tight-binding
matrix elements of H0(r), see Chapter 3.

In the multi-band case (sp3s∗[33] or sp3d5s∗[34]), the elements hnm
are matrices of size tb. The parameter tb is the number of bands
included in the model, for example, tb=20(10) in the sp3d5s∗ model
with(out) spin-orbit coupling. Details follow in Chapters 4 and 5.

2.6 Stationary Solution

Once the stationary solution of a non-equilibrium system is reached,
the greater, the lesser, the retarded and the advanced Green’s func-
tions G≷,R,A

nm (tt′) do not depend on t and t′, but on the difference t−t′.
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Since t and t′ do not lie on an imaginary time contour anymore, the
Fourier transform of the Green’s functions with respect to the time
difference t− t′ can be taken

G≷,R,A
nm (E) =

∫
d(t− t′) eiE(t−t′)/�G≷,R,A

nm (t− t′). (2.37)

The inverse Fourier transform is defined as

G≷,R,A
nm (t− t′) =

1
2π�

∫
dE e−iE(t−t′)/�G≷,R,A

nm (E). (2.38)

The stationary self-energies Σ≷,R,A(t− t′) depend on the time differ-
ence t− t′, too and they obey, therefore, the same Fourier transform
rules as G≷,R,A

nm (t− t′).

2.7 Closed Set Of Equations

To obtain the stationary characteristics of a given device, the energy-
dependent Green’s functions G≷,R,A

nm (E) must be calculated. In this
Section the equations that need to be solved are summarized together
with some useful relationships between the different types of Green’s
functions

EGR
nm(E) −

∑
l

hnlG
R
lm(E) = δnm +

∑
l

ΣR
nl(E)GR

lm(E)

EG<
nm(E) −

∑
l

hnlG
<
lm(E) =

∑
l

ΣR
nl(E)G<

lm(E) +

∑
l

Σ<
nl(E)GA

lm(E)

G<
nm(E) =

∑
l,v

GR
nl(E)Σ<

lv(E)GA
vm(E)

GA
nm(E) =

[
GR

mn(E)
]†

GR
nm(E) −GA

nm(E) = G>
nm(E) −G<

nm(E). (2.39)

The equalities in (2.39) form a coupled system of equations, where
G<

nm(E) and GR
nm(E) have to be evaluated. G<,R,A

nm (E) are matri-
ces whose size depends on the structure dimensions, but also on the
complexity of the bandstructure model.
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It remains to determine the self-energies Σ<
nm(E) and ΣR

nm(E)
that describe the scattering mechanisms in the device. They directly
depend on G<,R,A

nm (E) and must, therefore, be solved self-consistently
with them. Iterative procedures are suitable to accomplish this task,
but convergence is often difficult to achieve. A remarkable example
of a working algorithm is given in Ref. [14].

2.8 Self-Energy Examples

In this Section the Hamilton operators and the resulting self-energies
of different scattering mechanisms are given. The Σ(12)’s are obtained
by drawing Feynman diagrams[27], by applying Wick’s decomposition
[28], or by using variational derivatives[29]. For brevity, the general
form of the self-energies is shown (two-time dependence on the contour
in Fig. A.1, transient, no basis expansion). Σ≷,R,A

nm (E) can be found
after tedious calculations or directly in the mentioned references.

2.8.1 Carrier-Carrier Interaction

The Hamilton operator for carrier-carrier interaction is defined in
Eq. (2.4). The presence of electrons only (no holes) is assumed

Ĥcc =
1
2

∫
dr
∫

dr′ψ̂†(r)ψ̂†(r′)V (r− r′)ψ̂(r′)ψ̂(r). (2.40)

This Hamilton operator leads to an infinite hierarchy of self-energies.
The first three self-energies are retained, Hartree , Fock, and direct
collision[29]. The two last self-energies are lumped in a single expres-
sion labeled ΣFdc(12)

ΣHartree(12) = −i�δ(12)
∫

d3 V (1 − 3)G(33+) (2.41)

ΣFdc(12) = i�W (21)G(12). (2.42)

The term W (21) represents the screened Coulomb interaction[27, 29].
The self-energy ΣHartree(12) is instantaneous (t1 = t2). Therefore, it
does not appear explicitly in Eqs. (2.11) and (2.12), but it is included
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in the non-interacting Hamiltonian H0(r) that becomes

H0(r) → H0(r) − i�
∫

d3 V (1 − 3)G(33+)

→ H0(r) − eφ(r, t). (2.43)

It can be proved that the Hartree self-energy, cast into the potential
φ(r, t), is nothing else than the solution of the Poisson equation with
the negative charge density ρ(r, t) = ie�G<(11+) (see Section 2.10)

φ(r, t) = i�

∫
d3r2

e

4πε|r1 − r2|G
<(r2t; r2t)

E(r, t) = −grad φ(r, t) =
∫

d3r2
r1 − r2

4πε|r1 − r2|3 ρ(r2t)

⇒ div E(r, t) = −div grad φ(r, t) =
ρ(r, t)
ε

. (2.44)

E(r, t) is the electric field in the device.

2.8.2 Carrier-Phonon Interaction

The Hamilton operator describing carrier-phonon scattering has the
following form:

Ĥcph =
∫

dr ψ̂†(r)
∑
q

eiq·r

|q|
(
Câq + C∗â†−q

)
ψ̂(r), (2.45)

where âq (â†−q) is the phonon annihilation (creation) operator in a
state with quantum number q,

C = i

√
e2

V

�ωLO
2

(
1
ε∞

− 1
ε0

)
and C = i

√
�D2

2V ρcs
(2.46)

for carrier-optical-phonon (Fröhlich coupling constant) and for carrier-
acoustic-phonon interaction, respectively. �ωLO is the energy of the
longitudinal optical phonons, ε∞ the high-frequency dielectric con-
stant, ε0 the low frequency dielectric constant, V the device volume,
D the material deformation potential, ρ its density, and cs the velocity
of sound in this material.
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Using Wick’s decomposition, the Feynman diagrams or functional
derivatives, the self-energy for carrier-phonon interactions is obtained
as[21, 35]

Σcph(12) = i�|C|2
∑
q

eiq·(r1−r2)

|q|2 D(q; tt′)G(12), (2.47)

with the non-interacting phonon Green’s function D(q; tt′)[22]

D(q; tt′) = − i
�
〈T{âq(t)â†q(t′) + â†−q(t)â−q(t′)}〉. (2.48)

Contrary to the carrier-optical-phonon interaction, the carrier-acoustic-
phonon interaction can be efficiently simplified due to its low phonon
energies[14].

2.8.3 Impurity Scattering

Impurity scattering is an interaction between a moving carrier and an
ion at fixed position. Its Hamilton operator is given by

Ĥis =
∑
i

∫
dr ψ̂†(r)V (r−Ri)ψ̂(r), (2.49)

where V (r−Ri) is the Coulomb potential between a carrier at position
r and an impurity at position Ri. If only the second order perturba-
tion is kept, the impurity scattering self-energy is defined as[22]

Σis(12) =
ρ

V

∑
q

V (q)V (−q)eiq(r1−r2)G(12). (2.50)

Here, ρ is the impurity density, V (q) is the Fourier transform of the
Coulomb potential V (r) and V is the device volume.

2.9 Boundary Conditions

In quantum transport simulations, devices with finite dimensions in at
least one direction are considered. The other directions are assumed
infinite. For example, a device can be connected to two equilibrated
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contacts that act as a collector and as an emitter on the electric cur-
rent (open boundary conditions). To describe the coupling between a
device and semi-infinite contacts, Eq. (2.39) is recalled, first only for
GR

nm(E). Obviously, this equation can be written as a matrix equation
with a decomposition into two domains, a central active region with
index C and a lead region with index L. In fact, the lead region can
be degenerated, if there is more than one semi-infinite contact. This
does not change the formalism derivation. If the self-energies that
join the active region and the leads (i.e. Σ<,R,A

LC (E) = Σ<,R,A
CL (E)) are

neglected, one has[21](
E − hCC − ΣR

CC

)
GR

CC − hCLG
R
LC = I (2.51)(

E − hLL − ΣR
LL

)
GR

LC − hLCGR
CC = 0. (2.52)

For notation homogeneity the energy-dependence of the Green’s func-
tions and of the self-energies are omitted. I is the identity matrix
of the same size as GR

CC . One introduces the lead retarded Green’s
function gRLL that represents the correlations between the lead points
when the lead and the active region are separated (hCL = hLC = 0)(

E − hLL − ΣR
LL

)
gRLL = I. (2.53)

By inserting Eq. (2.53) into Eqs. (2.51) and (2.52) expression that
contains GR

CC only is obtained(
E − hCC − ΣR

CC − hCLg
R
LLhLC

)
GR

CC = I. (2.54)

The term hCLg
R
LLhLC can be written as an additional self-energy ΣRB

CC

resulting from the connection of the active region to the lead(
E − hCC − ΣR

CC − ΣRB
CC

)
GR

CC = I (2.55)

The same procedure has to be repeated for the lesser Green’s function
G<

CC . Since is derivation is similar, calculation details are not shown.
One has(

E − hCC − ΣR
CC − ΣRB

CC

)
G<

CC =
(
Σ<
CC + Σ<B

CC

)
GA

CC (2.56)

with the boundary self-energy Σ<B
CC = hCLg

<
LLhLC . The lead lesser

Green function g<LL is defined in the absence of lead-active region
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coupling (hCL = hLC = 0). It is obvious that there will be as many
boundary self-energies ΣRB

CC and Σ<B
CC as there are contacts in the

device.

To solve Eqs. (2.55) and (2.56), gRLL and g<LL are still required. Let
us assume that the coupling between the lead and the active region
occurs along the x axis. For nanowire devices, for example, y and z
are directions of confinement, for a one-dimensional resonant-tunnel
diode, y and z are infinite. The point x=0 is the last lead point
before the active region (x=-1 in the lead, x=1 in the active region).
According to Eq. (2.53) one writes

(E − h00) gR00 − h0−1g
R
−10 = I (2.57)

(E − h−1−1) gR−10 − h−1−2g
R
−20 − h−10g

R
00 = 0. (2.58)

The nearest-neighbor tight-binding approximation has been used in
Eqs. (2.57) and (2.58) and the self-energy ΣR

LL has been neglected,
since equilibrated contacts are considered. For a one-dimensional
problem, the matrix elements hnm and the Green’s functions gRnm
are scalars. Otherwise, they are matrices corresponding to lines (two-
dimensional device) or slabs (three-dimensional structure, see Chapter
5). In these cases, hnn describe the on-site energy of a line or slab and
hnn±1 the connection to the next or the previous line or slab. The size
of hnn and hnn±1 reflects the complexity of the bandstructure model
and the number of atoms present per line or slab.

To calculate gR00, an ansatz that fulfills both Eqs. (2.57) and (2.58)
must be found as shown in Ref. [14] for a one-dimensional structure
or in Chapter 5 for nanowires. Equilibrated contacts enable us to use
the fluctuation-dissipation theorem[31] to obtain g<00(E) from gR00(E)

g<00 = −f(E)
(
gR00(E) − gA00(E)

)
= if(E)A00(E). (2.59)

The carriers in the leads are distributed according to the function
f(E) (Fermi distribution). The spectral function A00(E) corresponds
to the lead density-of-states.
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2.10 Carrier and Current Densities

The carrier density n(r, t)= 〈ψ̂†
H(r, t)ψ̂H(r, t)〉 is directly proportional

to the lesser Green’s function

n(r, t) = −i�G<(r, t; r, t). (2.60)

The steady-state carrier density n(r), with G<(E; r, r) expanded in a
complete set of basis functions ϕn(r), has the following form

n(r) = −i
∑
nm

∫
dE
2π

G<
nm(E)ϕn(r)ϕ∗

m(r). (2.61)

It is more complicated to determine the current density than the car-
rier density. The continuity equation builds a relationship between
the current density −→

J (r, t) and the charge density ρ(r, t) = en(r, t)

d
dt
ρ(r, t) + div −→

J (r, t) = 0. (2.62)

To obtain the time derivative of the charge density dρ(r, t)/dt, the
lesser Green’s function G<(r, t; r, t′) is derived with respect to t and
t′

d
dt
ρ(r, t) = lim

t′→t
(−i�)e

(
d
dt

+
d
dt′

)
G<(r, t; r, t′)

= −e lim
r′→r

(H0(r) −H0(r′))G<(r, t; r′, t) +∫
d2
([

ΣR(12)G<(21) + Σ<(12)GA(21)
] −

[
GR(12)Σ<(21) +G<(12)ΣA(21)

])
︸ ︷︷ ︸

=0

= −e lim
r′→r

(H0(r) −H0(r′))G<(r, t; r′, t)

= −div −→
J (r, t) (2.63)

The sum of the underbraced terms must vanish so that the particle,
the momentum, and the energy conservation laws are satisfied[16].
Independently from the approximation made in the calculation of
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the self-energies (Hartree-Fock, Second Born, ...), the condition in
Eq. (2.63) must be valid.

Recalling the definition of the non-interacting Hamilton H0(r) in
Eq. (2.36) a solution to div −→

J (r, t) is found

div −→
J (r, t) =

e�2

2m0
lim
r′→r

(∇r′ + ∇r) · (∇r′ −∇r)G<(r, t; r′, t)

=
e�2

2m0
div lim

r′→r
(∇r′ −∇r)G<(r, t; r′, t). (2.64)

A comparison of both sides of this equation allows to define −→
J (r, t)

as[30]

−→
J (r, t) =

e�2

2m0
lim
r′→r

(∇r′ −∇r)G<(r, t; r′, t). (2.65)

This expression is valid for single-band or multi-band bandstructure
models despite the presence of the electron rest mass m0. In effect,
to evaluate −→

J (r) the lesser Green function is expanded, for example,
in a basis composed of orbital functions, where the ∇-operators and
m0 are replaced by appropriate matrix elements hnm. In the next
Chapter, the single-band current density is given in a homogeneous
x, y, and z grid, based on the ansatz proposed by C. Caroli et al. in
Refs. [36, 37]. In Chapter 6 −→

J (r) is derived in an atomistic multi-
band tight-binding model. Note that the constant e in Eq. (2.65) is
negative for an electron current and positive for a hole current.

At steady-state the time derivative of the charge density disap-
pears. This implies that the divergence of the stationary current den-
sity −→

J (r) is equal to 0 or, in other words, that the stationary current−→
I (r) =

∫ −→
J (r) · d−→A is conserved in the device. For ballistic trans-

port or in the presence of elastic scattering only, each spectral element−→
I (E, r) of the total current (

∫
dE−→I (E, r) = −→

I (r)) is conserved.

2.11 Summary

In this Chapter, the NEGF formalism was presented. The equations
of motion for the retarded, the advanced, and the lesser Green’s func-
tions were derived. Since it is too computationally expensive to obtain
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solutions to these equations in the time domain, their transformation
into the stationary domain is shown. After some scattering mecha-
nisms were described, the procedure to treat boundary conditions and
to calculate observables were introduced.



Chapter 3

Effective Mass
Approximation

3.1 Introduction

In this Chapter an efficient method to simulate nanotransistors within
the effective mass approximation is presented, the mode-space ap-
proach to nonequilibrium Green’s function (NEGF)[38]. The NEGF
mode-space approach with uncoupled modes has been used in the
nanoMOS program[20] that enables the simulation of double gate
MOSFETs. This method has also been examined for various other
MOSFET structures and geometries[39]. It was concluded that the
absence of coupled mode effects does not affect the results as long
as the transverse potential profile along the channel remains uniform,
without any size variations. A real-space calculation of the same de-
vices confirmed these observations and the validity of the approach.

However, strong mode coupling is expected when the shape of the
transverse modes varies along the channel. This is the case, for in-
stance, in a device with a squeezed channel[39], with abruptly flared-
out source/drain contacts[40], or if surface roughness is included[41].
For the nanoscale transistors reported in the literature, source/drain
contacts are often wider than the channel (in order to reduce the
access resistance). Therefore, the effort is concentrated on the simu-

25
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lation of abrupt transitions from a wide to a narrow region under bal-
listic conditions to illustrate the rigorous treatment of coupled mode
effects. Venugopal et al.[40] and Damle et al.[42] explicitly described
a useful transformation from real-space to mode-space (as well as the
reverse transformation) to solve the NEGF quantum transport prob-
lem and to obtain the physical observables. However, if some mode
correlation terms are omitted or underestimated in the calculation of
carrier and current density[41, 19], the results are incomplete and it
becomes difficult to solve nonequilibrium Green’s function equations
self-consistently with Poisson’s equation. Interfaces between wide and
narrow regions will contain an abrupt spike in the charge distribu-
tion and will violate current conservation. Note that a wave function
approach[43] requires the explicit derivative of the transverse modes
along the channel direction, which is not defined for abrupt changes
of the lateral confinement.

The purpose of this chapter is to give insight into the coupled
mode approach within the NEGF formalism. In Section 3.2, a formal
derivation of the method is presented and I show how it simplifies
the quantum transport simulation of nanoscale transistors with non-
uniform structures. The differences with incomplete coupled mode-
space treatments are also highlighted. In Section 3.3, two applications
are discussed, a two-dimensional (2D) ultra-thin body (UTB) MOS-
FET and a three-dimensional (3D) nanowire (NW) transistor, both
with flared-out source and drain contacts. As both these structures
are n-doped, only the electron population is simulated. The hole den-
sity is much smaller and neglected in the transport calculation.

3.2 Theory

The simulated MOSFET structures are shown in Figs. 3.1 and 3.2
for the 2D and 3D case, respectively. For both devices, the channel
direction corresponds to the x-axis, quantum confinement to y-axis,
and z is open for the 2D nanoscale transistor and confined for the
3D one. A Hamiltonian H describes the device. It is coupled to two
infinite reservoirs, the source and the drain, characterized by their
Fermi level and the voltage applied to them. Because no leakage cur-
rent through the gate contacts is assumed in these structures, effective
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Figure 3.1: 2D double-gate UTB Si MOSFET with flared-out source
(left, width ts=7 nm, length Ls=5 nm) and drain (right, width ts=7
nm, length Ld=5 nm) contacts. The squeezed channel has a length
Lc=20 nm, a width tc=3 nm, and is controlled by a double gate
contact with Lg=10 nm. The two SiO2 layers surrounding the channel
are 1.6 nm thick (tox). The transport direction is x, y is the direction
of confinement, and z (in-plane axis) is open.
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Figure 3.2: 3D triple-gate Si NW MOSFET with flared-out source
(left, width wr=7 nm, height htot=5.6 nm, length Ls=5 nm) and
drain (right, width wr, height htot, length Ld=5 nm) contacts. The
device length Ltot is 30 nm, separated in two injection areas of length
Linj=10 nm embedding the triple-gate contact of length Lg=10 nm.
The lower right corner (on the source side) is removed in order to
show the interior of the structure. The buried channel has a height
hc=4 nm and a thickness tc=3 nm (half of the channel is visible). It
is surrounded by three SiO2 layers with width tox=1.6 nm, so that
hc + tox = htot and tc + 2tox = wc=6.2 nm. Transport occurs along
the x axis, y (width) and z (height) are directions of confinement.
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transport occurs only along the x-axis. In this direction, the devices
can be separated into slices, each of them being connected to its neigh-
bors. The first and the last slice are coupled to the drain and to the
source, respectively. In the following, the theory is derived for the
two-dimensional case (a three-dimensional extension is obvious). The
third dimension (z) is assumed to be infinite and its carrier distribu-
tion modeled via the free electron wave function eikzz/

√
Lz. Here, Lz

is a normalization constant and Ekz,ij = �
2k2

z/2m
∗
z,ij is the portion

of the total energy E in the z-direction (m∗
z,ij is the electron effec-

tive mass in this direction at grid point (xi, yj)). The usual way to
simulate such a nanostructure is to work in real-space. This method
is presented in Section 3.2.1. A more efficient algorithm, the coupled
mode-space approach, is outlined in Section 3.2.2.

3.2.1 Real-Space Approach

In the real-space approach, the x- and y-axis are discretized with a ho-
mogeneous finite difference grid (inhomogeneous grids are also possi-
ble) with distances ∆x and ∆y between two adjacent points. With Nx

points in the x direction and Ny along the y-axis, the effective mass
Hamiltonian[23] H becomes a (NxNy) × (NxNy) block tri-diagonal
matrix (for the rest of this Chapter, matrices are denoted by bold
indices and letters)

H =




α1 β12 0 · · · · · ·
β21 α2 β23 0 · · ·
0

. . . . . . . . . 0
...

. . . βNx−1Nx−2 αNx−1 βNx−1Nx

0 · · · 0 βNxNx−1 αNx


 . (3.1)

Each block matrix αi is of size Ny×Ny, containing all the connection
information within a slice situated at xi in the transport direction, and
βii+1 = βT

i+1i represents the connection of a slice at xi to the next slice
at xi+1. The tri-diagonal matrix αi and the diagonal matrix βi1i2 are
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given by

αi =




hii11 hii12 0 · · · · · ·
hii21 hii22 hii23 0 · · ·

0
. . . . . . . . . 0

...
. . . hiiNy−1Ny−2 hiiNy−1Ny−1 hiiNy−1Ny

0 · · · 0 hiiNyNy−1 hiiNyNy



(3.2)

and

βi1i2 =




hi1i211 0 · · · · · · · · ·
0 hi1i222 0 · · · · · ·
0

. . . . . . . . . 0
...

. . . . . . hi1i2Ny−1Ny−1 0

0 · · · . . . . . . hi1i2NyNy



,

(3.3)
respectively. The definition of the different hi1i2j1j2 (element (j1, j2)
in the block (i1, i2)) can be found in Appendix B. The source and
drain contacts are incorporated into the Hamiltonian H through the
self-energies ΣRD and ΣRS that are added to the first diagonal block
α1 and the last block αNx . Their calculation can be achieved with
an iterative algorithm [44], where a full matrix of size (Ny × Ny),
for two-dimensional structures, and (NyNz) × (NyNz) for 3D must
be inverted 20 to 40 times, considerably increasing the computational
burden. Under ballistic conditions, the equation of motion for the
retarded Green’s function matrix GR is evaluated for steady state
[45] (

E−H−ΣRB
)
GR = I (3.4)

and the lesser Green’s function G< is obtained with[45]

G< = GRΣ<BGA. (3.5)

All the matrices present in Eqs. (3.4) and (3.5) have a size (NxNy)×
(NxNy) and describe only the electron population: E is a diagonal
matrix whose elements are Eiijj = E(xixiyjyj) = E − Ekz,ij (E and
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Ekz,ij were introduced at the beginning of this section), I is the iden-
tity matrix, ΣRB and Σ<B are the boundary self-energies. Various
solution schemes can be found in the literature to solve Eqs. (3.4)
and (3.5), such as direct methods[45] or recursive algorithms[14, 23].
Despite the performance improvement resulting from these more ad-
vanced approaches, the computational cost is still very high due to
the boundary condition calculations and the size of the block ma-
trices (Ny × Ny) that need to be inverted Nx times for each energy
point and for each conduction band minimum (three for Si) during
the recursive algorithm steps. Once the system is solved, the 2D cur-
rent density vector [Jx(xi, yj) Jy(xi, yj)]T and the charge distribution
n(xi, yj) are obtained with

n(xi, yj) = − i

Lz∆x∆y

∑
kz,σ

∫
dE
2π

G<
iijj(kz;E), (3.6)

Jx(xi, yj) = − e

�Lz∆y

∑
kz,σ

∫
dE
2π

(
hi+1ijjG

<
ii+1jj(kz;E)−

G<
i+1ijj(kz;E)hii+1jj

)
, (3.7)

Jy(xi, yj) = − e

�Lz∆x

∑
kz,σ

∫
dE
2π

(
hiij+1jG

<
iijj+1(kz;E)−

G<
iij+1j(kz;E)hiijj+1

)
. (3.8)

The sum over σ represents the two spin polarizations. The integra-
tion over kz can be done prior to NEGF calculation, directly in the
contacts, and G<

i1i2j1j2
(kz;E) is the lesser Green’s function at position

(j1, j2) in the (Ny ×Ny) block situated at (i1, i2) in G<.

3.2.2 Coupled Mode-Space approach

The coupled mode-space approach, while keeping all the relevant
physics, considerably simplifies the high computational burden of a
real-space simulation. According to Chapter 2, the discretized real-
space Green’s function Gi1i2j1j2(E, kz) can be expanded in a coupled



3.2. THEORY 31

mode (eigenfunction) space as

Gi1i2j1j2(E, kz) =
∑
n,m

Gi1i2nm(E, kz)φi1n (yj1)φ
i2∗
m (yj2). (3.9)

The vectors φi
n = [φin(y1) · · ·φin(yNy

)]T , constructed with the Ny yj-
components of the nth mode, obey the following rules:


αiφ

i
n = Enφ

i
n,∫

dy φin(y)φ∗im(y) = δn,m,∑
n
φin(y1)φ∗in (y2) = δ(y1 − y2).

(3.10)

The eigenvectors φi
n of the matrix αi form a complete orthogonal basis

as shown in Eq. (3.10). As the total number of modes corresponds to
the dimension of αi (Ny), the size of the problem does not change,
if the nonequilibrium Green’s function is expanded in an eigenmode
basis. However, in nanostructures with strong confinement, only a
few low energy modes are populated, depending on the geometry of
the device, the effective mass in the direction of confinement, and
the doping concentration. Consequently, only a reduced number of
modes Nm needs to be considered, with the property Nm  Ny.
Increasing the number of modes to a value superior to Nm must not
change the carrier and current density any more. The total mode-
space Green’s function matrix (lesser or retarded) Gms has the size
(NxNm) × (NxNm) instead of (NxNy) × (NxNy) for its real-space
counterpartGrs. To find a transformation fromGrs toGms, matrices
vi of size (Ny ×Nm) are initially created

vi = [φi
1 · · ·φi

Nm
]. (3.11)

At position xi, vi contains all the modes necessary to expand the real-
space Green’s function localized there. Note that Nm can vary along
the device transport axis. In the MOSFET of Fig. 3.1, the number
of considered modes in the middle of the channel can be smaller than
in the flared-out drain and source regions. For the derivation of the
formalism, however, Nm denotes the number of considered modes at
each position. It is always much smaller than Ny. In a second step,
a transformation matrix U with size (NxNy)× (NxNm) is generated.
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It contains the Nx vi’s defined above

U =
1√

NORM



v1 0 · · · 0

0 v2 . . . 0
...

. . . . . . . . .

0 · · · . . . vNx


 =

Ũ√
NORM

, (3.12)

where 1/
√

NORM is a normalization constant such that the matrix
productUT ·U equals the identity matrix I of size (NxNm)×(NxNm).
Finally, Ũ relates Grs to Gms by

Grs = Ũ ·Gms · ŨT . (3.13)

Equation (3.13) is the matrix generalization of (3.9) and is used to
simplify the steady state equations of motion (3.4) and (3.5) for the
retarded and the lesser Green function, respectively. Multiplying them
on the left with UT and on the right with U (both left-hand-side
and right-hand-side arguments), and replacing Grs by Eq. (3.13), the
following system of equations is obtained{ (

E−Hms −ΣRB
ms

)
GR

ms = I,
G<

ms = GR
msΣ

<B
msG

A
ms.

(3.14)

Each matrix has the size (NxNm)×(NxNm). The mode-space version
of the Hamiltonian is given by the block tri-diagonal matrix transfor-
mation Hms = UT ·H ·U. The blocks αi from Eq. (3.1) are replaced
by αdiag

i = viT · αi · vi (diagonal Nm × Nm matrices because of the
properties from Eq. (3.10)) and βii±1 by γii±1 = viT · βii±1 · vi±1

with the same size as αdiag
i . Since the modes φi

n do not necessarily
have the same shape all along the device transport axis, in general
viT ·vi±1 �= I (a Nm×Nm identity matrix) and the γii±1 blocks may
be full. This represents the coupled mode effect, whose absence signi-
fies that an equation of motion is solved for each mode, independently
from the others. The boundary self-energies ΣRB

ms and Σ<B
ms are di-

rectly computed in mode space[39] and not with ΣB
ms = UT ·ΣB ·U.

In effect, their real-space calculation is computationally inefficient as
mentioned earlier.
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Solving the NEGF in the coupled mode-space from Eq. (3.14)
presents a substantial improvement over the real-space calculation
from Eqs. (3.4) and (3.5). The size of the linear system decreases
from (NxNy) × (NxNy) to (NxNm) × (NxNm). There is a gain of
(Ny/Nm) in the size of the blocks building the Hamiltonian Hms, and
therefore in the size of the matrices that need to be inverted in the
recursive algorithm[23]. After the solution of the standard Eq. (3.14)
is obtained, carrier and current density can be computed. Venugopal
et al. pointed out in Ref. [40] that the mode-space to real-space trans-
formation in Eq. (3.13) must be used for that purpose. The diagonal
elements of G<

rs describe the carrier density at each grid point. This
corresponds to the insertion of Eq. (3.9) into Eq. (3.6) and leads to

n(xi, yj) = − i

Lz∆x∆y

∑
nm

∑
kz,σ

∫
dE
2π

G<
iinm(kz;E)φin(yj)φi∗m(yj),

(3.15)

Jx(xi, yj) = − 2e
�Lz∆y

∑
nm

∑
kz,σ

∫
dE
2π

Re (hi+1ijj

G<
ii+1nm(kz;E)φin(yj)φi+1∗

m (yj)
)
, (3.16)

Jy(xi, yj) = − 2e
�Lz∆x

∑
nm

∑
kz,σ

∫
dE
2π

Re (hiij+1j

G<
iinm(kz;E)φin(yj)φi∗m(yj+1)

)
. (3.17)

All the correlation elements Giinm (introduced in Chapter 2) from
the diagonal blocks of Gms are involved in the calculation of the
carrier density n(xi, yj) and the transverse component of the current,
Jy(xi, yj). For the longitudinal component of the current, Jx(xi, yj)
all the correlation elements Gii+1nm from the first off-diagonal blocks
of Gms must be taken into account.

An incomplete calculation consists in keeping only the diagonal
mode space expansion coefficients G<

iinn of the nonequilibrium Green’s
function (although G<

iinm does not vanish for n different from m) and
to subsequently apply a transformation similar to Eq. (3.13). This
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modifies Eq. (3.15) to[19, 41]

n(xi, yj) = − i

Lz∆x∆y

∑
kz,σ,n

∫
dE
2π

G<
iinn(kz;E)|φin(yj)|2. (3.18)

Working in coupled mode-space does not only mean to solve the sys-
tem of equations (3.14), but also to adapt the calculation of the phys-
ical quantities to the corresponding space. The correlations Giinm

resulting from coupled mode effects play a non-negligible role in the
calculation of all the observables. In Section 3.3, a two- and a three-
dimensional idealized MOSFET example will show that the inclusion
of the mode correlation effects ensures a correct electron density and
current conservation. Note that a spatially independent equation is
also possible for the effective current density in the transport direction
(Jx(x, y) integrated over the direction of confinement y)

J̃x =
e

�Lz

∑
kz,σ

∫
dE
2π

T (E, kz)
(
fS(E) − fD(E)

)
, (3.19)

where fS(E) and fD(E) are the electron distributions in the source
and drain, respectively. Equation (3.19) is correct in coupled mode-
space because the transmission T (E, kz)[14] contains all the correla-
tion effects. The term J̃x, however, is not a spatially resolved quantity
and does not allow to control current conservation.

3.3 Applications

The two idealized silicon (Si) devices from Figs. 3.1 and 3.2 are sim-
ulated. Both have n-doped flared-out source and drain contacts with
a donor concentration Nd = 1020 cm−3. The 20 nm long channel is
undoped and surrounded by SiO2 layers of thickness tox=1.6 nm. The
band offset between semiconductor and oxide is 3.04 eV for electrons
(40% of the Si-SiO2 band gap difference). Holes are neglected through-
out the simulations. The relative dielectric constant of Si is set to
εSi=11.9 and of oxide to εox=3.9. Because the Si bulk band structure
has six different conduction band minima, three valley configurations
are considered. Each of them is two-fold degenerate. A transverse
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effective mass mt = 0.19mo and a longitudinal mass ml = 0.98mo are
assumed. The SiO2 effective mass is isotropic with an approximated
value mox = 0.5mo. The value χSi = 4.05 eV is used for the elec-
tron affinity in Si and φm=4.25 eV for the work function in the metal
gate contacts. The Hartree potential is taken into account by the
Poisson equation, which is solved self-consistently with the coupled
mode-space NEGF Eq. (3.14). The x-, y-, and z-axis (if necessary)
are discretized with a constant grid spacing of ∆=0.2 nm. Electron
flow through the gate contacts is not considered. All simulations are
performed at room temperature, i.e. T=300 K determines the elec-
tron distribution in the contacts. As scattering is not included, neither
via self-energies[14] nor directly in the Hamiltonian H[41], only the
ballistic limit of these devices is studied.

3.3.1 Two-dimensional device: Si UTB

Figure 3.1 shows a Si double-gate ultra-thin body (UTB) MOSFET
with flared-out contacts. This structure has a source and drain length,
Ls=5 nm and Ld=5 nm, respectively, a channel length Lc=20 nm, and
two gate contacts situated in the middle of the structure with Lg=10
nm. The device width measures ts=7 nm in the extended contact
regions while the channel is squeezed to tc=3 nm (it starts at y=2
nm and ends at y=5 nm). Two oxide layers (tox=1.6 nm) surround
the channel and minimize current leakage through the double gate so
that this effect is not considered in the simulations. Effective transport
occurs along the x-axis (0≤ x ≤30 nm) and y (0≤ y ≤7 nm) represents
the confinement direction. It is obvious that the abrupt transitions
from the wide source and drain contacts to the narrow channel cause
strong mode interactions at the interface between the different regions.

The first step to simulate the two-dimensional device from Fig. 3.1
consists in solving Schrödinger’s equation in the y-direction for the Nx

discretization points xi and for the three different conduction band
valleys. This corresponds to the solution of Eq. (3.10), where the
lowest occupied modes are kept to expand the Green’s function. Typ-
ically, if the transistor in Fig. 3.1 has an effective mass in the y-
direction equal to mt, six modes are required in the contacts and two
are sufficient in the channel. Otherwise, if the direction of confine-
ment is aligned with ml, twelve modes are necessary in the contacts,



36 CHAPTER 3. EFFECTIVE MASS APPROXIMATION

0 0.1 0.2 0.3 0.4 0.5
0

100

200

300

400

500
(a)

V
ds

 [V]

J 
[A

/m
]

0 0.1 0.2 0.3
0

100

200

300

400
(b)

V
gs

 [V]

J 
[A

/m
]

Mode Space
Real Space

0 0.1 0.2 0.3

10
0

10
1

10
2

10
3

(c)

J 
[A

/m
]

V
gs

 [V]
0 10 20 30

10
−1

10
0

10
1

10
2

10
3

(d)

x [nm]

J 
[A

/m
]

V
gs

=0.3

V
gs

=0.0

Figure 3.3: IV characteristics for the two-dimensional MOSFET struc-
ture from Fig. 3.1. (a) Total drain-source current density JD (unit:
A/m) in transport direction as function of drain voltage Vds for dif-
ferent gate bias Vgs from 0.0 V to 0.3 V in steps of 0.05 V (7 curves).
(b) JD as function of Vgs for Vds=0.4 V: comparison of coupled mode-
space (CMS, red line) and real-space solutions (RS, circled blue line).
(c) Same as (b), but on log scale for the 7 different gate bias points
(circles). (d) Same as (b) and (c) but the 7 different JD are plotted
as function of position x.

but only four in the channel. The resulting incomplete basis has the
useful property to be energy-independent, requiring only one solution
of Schrödinger’s equation at each self-consistent Poisson iteration.

Subsequently, the transformation matrix U from Eq. (3.12) is con-
structed with the selected modes, the Hamiltonian H is transformed
into its mode space representation and the system of equations (3.14)
is solved for each total energy E[14]. Finally, the desired physical
quantities, electron and current density, are obtained with Eqs. (3.15)-
(3.17). To verify the simulation results, the real-space system from
Eqs. (3.6)-(3.8) is solved[23] with the same discretizations and mate-
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rial parameters.
In Fig. 3.3, the current-voltage characteristics of the ultra-thin

body MOSFET are presented. Subplot (a) shows the current den-
sity in the transport direction integrated over the y-direction (con-
finement), as function of the drain voltage Vds and for different ap-
plied gate potentials Vgs (from 0.0 V to 0.3 V with a constant step of
0.05 V). The current density J , for a given Vgs, increases with Vds,
but then saturates. Subplot (b) and (c) in Fig. 3.3 show the usual
MOSFET transfer characteristic for Vds=0.4 V and Vgs ramped from
0.0 to 0.3 V on a normal and on a logarithmic scale, respectively.
An excellent agreement between coupled mode-space (CMS, red line)
and real-space (RS, blue line) methods is achieved in Subplot (b).
Subplot (d) presents the seven current densities from (b) and (c) as
function of their position along the UTB transport direction, proving
that current is conserved despite the squeezed channel. Current con-
tinuity was never confirmed in the past treatments of ballistic CMS
simulations[19, 41], because the spatially independent Eq. (3.19) was
used.

According to Eq. (3.18), in the absence of correlation terms, the
electron density exhibits a non-physical behavior at the interface be-
tween wide and narrow regions, as illustrated in Fig. 3.4: a cut along
the transport axis is extracted for Vds = Vgs=0. The red line results
from the correct Eq. (3.15) and the blue line from the incomplete
Eq. (3.18). The inset clearly shows the appearance of a spurious spike
in the electron distribution at the interface between the flared-out
source and the squeezed channel. The same discrepancy occurs on
the other side of the channel. It is evident that mode correlation ef-
fects smooth the charge density, enabling a self-consistent solution of
Green’s function and Poisson’s equation. Consequently, it is neces-
sary to compute the carrier density as given by Eq. (3.15), if strong
mode coupling effects are present. On the right side of Fig. 3.4, a
comparison between CMS and RS for two different electron density
cuts, one along the line y=3.5 nm (red line and blue stars) and the
other along x=3 nm (magenta line and blue squares), confirms the
validity of the coupled mode-space approach when no bias is applied
to the nanoscale transistor.

When the device is strongly biased, more coupling effects are ex-
pected, because the electrons injected in the source interact with many
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Figure 3.4: Electron density profile in the UTB from Fig. 3.1 at Vds =
Vgs=0 V. (left) Comparison of two different CMS solutions along the
line y=3.5 nm (device axis of symmetry, n(x, y = 3.5), blue and red
lines) and along the line x=3 nm (yellow and magenta lines) obtained
without mode correlations (lines labeled MS old) and with them (lines
labeled MS new). The inset is an enlargement of the interface between
the flared-out source and the channel. (right) Comparison for y=3.5
nm (n(x, y = 3.5), bottom x-axis) of CMS (red line) and RS (blue
stars) calculations and for x=3 nm (n(x = 3, y), in the source, top
y-axis) of CMS (magenta line) and RS (cyan squares) simulations.

modes before reaching the drain. Therefore, Figs. 3.5 and 3.6 repre-
sent electron and current density (Jx) for Vgs=0.25 V and Vds=0.4 V
along different cut lines. Both CMS and RS solutions are depicted
for the lines y=3.5 nm (symmetry axis), x=3 nm (in the source), and
x=15 nm (channel center). Excellent agreement (less than 2% relative
difference between CMS and RS) is achieved between the two curves.
One sees that the source-channel (x=5 nm) and channel-drain (x=25
nm) interfaces are smooth for both carrier and current densities, con-
firming that coupled mode effects are treated correctly. The accuracy
of the CMS approach is also verified when bias is applied.

Electrons occupy the full width of the contacts (magenta line and
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line) and real-space (blue stars) on the line y=3.5 nm (n(x, y = 3.5),
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(n(x = 3, y), bottom y-axis) and of CMS (yellow line) and RS (green
circles) for x=15 nm (n(x = 15, y), center of the channel, bottom
y-axis).

cyan squares in Fig. 3.5), but are confined in the channel (yellow line
and green circles). Current is concentrated in the channel (yellow
line and green circles in Fig. 3.6) and does not widen much in the
contacts (magenta line and cyan squares). Furthermore, the charge
penetration into the oxide layers is low due to the high band offset
between Si and SiO2. The different confinement behavior of the carrier
and the current density is shown in the contour plots of Fig. 3.7. The
electron population is dense everywhere in the flared-out source and
drain contacts, but it narrows at the beginning and at the end of the
channel, and it is very low in the middle. The current density Jx is
somewhat wider in the contacts than in the channel, but the effect
is much smaller than for the carrier density, because the electrons
present in the protruding contact regions cannot flow directly forward
due to the potential barrier blocking their movement.

Finally, an energy-dependent quantity, the transmission coefficient
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Figure 3.6: x-component of the current density along the trans-
port axis in the UTB from Fig. 3.1 at Vds=0.4 V and Vgs=0.25 V.
Comparison of CMS (red line) and RS (blue stars) for y=3.5 nm
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squares) for x=3 nm (Jx(x = 3, y), bottom y-axis), and of CMS (yel-
low line) and RS (green circles) for x=15 nm (Jx(x = 15, y), bottom
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from source to drain, is calculated in coupled mode-space and in real
space for Vgs=0.25 V and Vds=0.4 V. The results are depicted in
Fig. 3.8 for two different effective masses in y-direction: 1. my is
aligned with the longitudinal mass ml (red line and blue circles) and
2. my is aligned with the transverse one mt (yellow line and green
squares). The CMS and RS curves are almost identical at low energy
and slightly diverge at high energy, because an incomplete basis is used
to expand the Green function in mode-space. For higher energies, the
incompleteness of the basis becomes more important, since only the
lowest energetic eigenmodes of the αi’s were kept to form the basis.

3.3.2 Three-dimensional device: Si Nanowire

The second structure simulated in coupled mode-space is the three-
dimensional Si nanowire from Fig. 3.2. It has a total length Ltot=30
nm, composed of two flared-out contacts, the source (length Ls=5
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nm, height htot=5.6 nm, and width wr=7 nm) and the drain (length
Ld= 5nm, same height and width as source) and a buried channel
(thickness tc=3 nm, height hc=4 nm, length Lc=20 nm, extending
from x=5 nm to x=25 nm, from y=2 nm to y=5 nm, and from z=0
nm to z= 4nm) surrounded by three 1.6 nm thick SiO2 layers (tox=1.6
nm). The buried oxide below the device is modeled by hard wall
(Dirichlet) boundary conditions. The triple-gate contact is situated
in the middle of the channel, covering the left, right, and upper sides
of the nanowire together with the SiO2 layers. The lower right corner
of the device on the source side is artificially removed to offer a view
on the epitaxial structure. The transition from the wide, highly-doped
source and drain to the squeezed channel is perturbed in the y (total
width: 0≤ y ≤7 nm, channel: 2≤ y ≤5 nm) and z (total height: 0≤
z ≤5.6 nm, channel: 0≤ z ≤4 nm) directions. Therefore, strong mode
coupling effects are expected at x=5 nm (source-channel interface) and
x=25 nm (channel-drain). Effective transport occurs only along the
x-axis (0≤ x ≤30 nm) due to the absence of leakage current through
the gate contacts.

The simulation scheme for the 3D MOSFET from Fig. 3.2 fol-
lows the procedure outlined in Section 3.3.1. However, there are
two elements that increase the computational burden. The eigen-
functions generating the incomplete basis are two-dimensionally con-
fined and secondly, Poisson’s equation must be solved in 3D. There-
fore, if the previously open direction z is now discretized with Nz

points, the transformation matrix U defined in Eq. (3.12) is of size
(NxNyNz)× (NxNm), but the mode space Hamiltonian Hms remains
of size (NxNm) × (NxNm). It is worth noting that the number of
modes Nm that needs to be considered in 3D is usually larger than
in 2D because the energy spacing between them is lower. Carrier and
current density are obtained with Eqs. (3.15)-(3.17), where the modes
φin(yj) become φin(yjzk) to account for the third dimension z. Addi-
tionally, Jz, the current in the z direction is calculated similarly to Jx
and Jy. No real-space solution of the 3D device has been attempted
due to the high computational resources required.

Figure 3.9 shows the simulation results for the current-voltage
characteristics in the nanowire MOSFET. On the left, the total cur-
rent ID (integral of the current density Jx over the nanowire cross
section, unit µA) from drain to source as function of drain voltage
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Figure 3.9: Drain-source current ID (µA) of the three-dimensional
structure from Fig. 3.2 in CMS. (left) ID vs drain bias Vds for 7
different gate voltages Vgs ranging from 0.0 V to 0.3 V in steps of 0.05
V. (right) ID as function of Vgs for Vds=0.4 V on a log scale (bottom
Vgs-axis) and as function of position along the channel (top x-axis).

Vds is depicted for seven different gate voltages Vgs ranging from 0.0
V to 0.3 V (steps of 0.05 V). On the right, ID is calculated for one
given drain voltage Vds=0.4 V and different Vgs’s (black line, bot-
tom Vgs axis). At the same time, these seven different currents are
represented as function of the x-axis (top axis) to prove that current
conservation is ensured (colored lines). This could not be achieved if
the correlation terms were not included in the current density calcu-
lation.

Figures 3.10 and 3.11 present carrier and effective current density
(Jx) cuts along x-, y-, and z-axis for Vgs=0.25 V and Vds=0.4 V.
From the line cut y=3.5 nm, z=2.0 nm (symmetry axis and middle of
channel height, solid line, upper subplots, referred to x-axis), one sees
that there is no discrepancy at the interface between the wide contacts
and the channel so that the transitions are smooth. No spurious spike
appears where the mode coupling effect is strong. The cut at x=2.5
nm, z=2.0 nm (in the source, dashed line, upper subplots, y-axis)
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Figure 3.10: Electron density for the nanowire from Fig. 3.2 at
Vds=0.4 V and Vgs=0.25 V in CMS. (upper) The solution at y=3.5 nm
(symmetry axis) and z=2.0 nm (middle of channel height) (n(x, y =
3.5, z = 2.0), red line, top x-axis), at x=2.5 nm (middle of the drain)
and z=2.0 nm (n(x = 2.5, y, z = 2.0), magenta line, bottom y-axis),
and at x=15 nm (channel center) and z=2.0 nm (n(x = 15, y, z = 2.0),
yellow line, bottom y-axis) are shown. (lower) Density profile along
the lines x=2.5 nm, y=3.5 nm (n(x = 2.5, y = 3.5, z), green line) and
x=15 nm, y=3.5 nm (n(x = 15, y = 3.5, z), blue line).

shows that electrons occupy the full width of the contacts (here the
source), but that the current contribution from the flared-out regions
is lower than the one from the middle, as in Fig. 3.6. This is not
surprising, because one finds exactly the UTB structure in Fig. 3.1,
if the nanowire in Fig. 3.2 is cut at z=2.0 nm. Therefore, electron
and current densities along the line x=15 nm, z=2.0 nm (channel
center, dashed-dotted line, upper subplots, y axis) show the same
characteristics as for the two-dimensional device. They are strongly
confined in the channel with almost no penetration into the oxide
layers.
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Figure 3.11: x-component of the current density for the NW from
Fig. 3.2 at Vds=0.4 V and Vgs=0.25 V in CMS. (upper) The results for
y=3.5 nm and z=2.0 nm (Jx(x, y = 3.5, z = 2.0), red line, top x-axis),
for x=2.5 nm and z=2.0 nm (Jx(x = 2.5, y, z = 2.0), magenta, bottom
y-axis), and for x=15 nm and z=2.0 nm (Jx(x = 15, y, z = 2.0),
yellow line, bottom y-axis) are plotted. (lower) The lines x=2.5 nm
and y=3.5 nm (Jx(x = 2.5, y = 3.5, z), green line) and x=15 nm and
y=3.5 nm (Jx(x = 15, y = 3.5, z), blue line) are shown.

Finally, a cut along the z-axis is given in the lower subplot of
Figs. 3.10 and 3.11. The 4 nm high channel is covered by an oxide
layer with tox=1.6 nm, the source and drain contacts (height of 5.6
nm) are made of pure n-doped Si. While electrons and current fill
the total device height in the contacts (green line, x=2.5 nm, y=3.5
nm), they are squeezed in the channel (blue line x=15 nm, y=3.5
nm). This double confinement (y and z) can be efficiently treated in
coupled mode-space, but only with mode correlation terms.

The above observations are confirmed by Fig. 3.12. It shows the
contour plot of the electron density in the planes z=2.0 nm (upper
subplot) and y=3.5 nm (lower plot). Mobile charges are confined due
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Figure 3.12: Contour plot of the electron density (unit: m−3) for the
device from Fig. 3.2 at Vds=0.4 V and Vgs=0.25 V, in the planes z=2.8
nm (middle of total height htot, n(x, y, z = 2.8), top) and y=3.5 nm
(n(x, y = 3.5, z), bottom).

to the different oxide layers surrounding the nanowire channel, but
electrons extend over the total width and height of the source and
drain regions.

3.4 Discussion

In this Section, the advantages and disadvantages of the coupled
mode-space approach and the possibility of including scattering and
more sophisticated band structure models in the formalism are dis-
cussed. The choice of an incomplete basis to expand the nonequilib-
rium Green’s function leads to a substantial reduction of the computa-
tional burden. A factor (Ny/Nm), where Nm is the number of consid-
ered modes andNy the number of discretization points in the direction
of confinement, is gained in the matrix size for two-dimensional struc-
tures. In the present simulations, a Poisson iteration (time to calculate
carrier and current densities and to recompute the device potential)
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lasts 105 s for mode-space and 1120 s for real-space at Vgs=Vds=0
V and with the same energy grid. For the three-dimensional tran-
sistor, a mode-space Poisson iteration lasts 830 s at Vgs=Vds=0 V.
However, the mode-space method has two important drawbacks. It
works only for structures with a strong confinement, where only few
modes are occupied, so that Nm  Ny. Otherwise, if many modes
are involved in the carrier and current density calculation, there is no
reason to work in mode-space because the time required to solve the
Schrödinger equation in the direction(s) of confinement is not compen-
sated by the reduction of the matrix size to deal with. In this case, a
real-space solution becomes advantageous. In addition, the real-space
solution takes the gate leakage current into account[23], which is dif-
ficult in mode-space, constituting its second restriction. To obtain
the eigenfunctions in the direction of confinement, Dirichlet bound-
ary conditions are applied, but in the gate region, the inclusion of
a leakage current implies open boundary conditions. A combination
of both approaches is not evident. It is worth stressing that coupled
mode-space calculations do not only deliver currents in the transport
direction, but they also describe the particle flow in the other direc-
tions. This is not an effective current, however, because it vanishes
when integrated over the entire device structure.

A mode-space approach (coupled or not) is not adapted to in-
clude accurate bandstructure models in the device simulations. In
the effective mass approximation, electron and current density can
be expressed in an energy-independent and incomplete basis. This is
not the case for k·p or tight-binding methods that require more basis
components, different for each injection energy. In effect, due to the
non-parabolicity of the semi-infinite reservoir band structures, the in-
jected, reflected or transmitted states have different wave functions
for each wave vector[46] (or injection energy).

3.5 Summary

In this Chapter, a detailed derivation of the coupled mode-space ap-
proach in the Nonequilibrium Green’s Function formalism was pre-
sented. It was pointed out that the omission of some important mode
correlation terms in the carrier and current density calculation leads
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to non-physical discrepancies at positions where strong mode coupling
effects occur, for example at the interface between a wide and a nar-
row region. Within two applications, it was proved that the complete
NEGF treatment removes these inconsistencies. A two-dimensional
ultra-thin body and a three-dimensional nanowire transistor, both
with flared-out contacts and a squeezed channel were studied. A
self-consistent solution of Poisson’s and NEGF equations was made
possible without loosing any physical accuracy. A real-space solu-
tion confirmed the exactitude of the coupled mode-space method for
two-dimensional nanostructures. Because the mode-space approach
does not work with sophisticated bandstructure model, a new method
needs to be developed for full-band quantum transport.



Chapter 4

Bandstructure Model

4.1 Introduction

Any bandstructure model should reproduce accurately the experimen-
tally verified energy band gaps and effective masses of semiconductor
crystals. If these material properties strongly diverge from their mea-
sured values, neither the energies of quantized states nor their con-
finement can be modeled properly.

The first step consists in finding this accurate bandstructure model.
The effective mass approximation works well in the vicinity of con-
duction band minima or valence band maxima, but it does not always
ensure a correct calculation of the quantization levels in nanostruc-
tures. During the last two decades empirical tight-binding methods
have become the primary choice of many researchers. In effect, they
have the ability to correctly reproduce band gaps and effective masses
with a localized atomistic orbital basis.

The empirical tight-binding method was first proposed by Slater
and Koster in 1954[32]. During many years, for computational rea-
son, only eight orbitals were kept, one s- and three p-, each of them
with spin up and spin down polarizations (sp3). The approach was
enhanced thirty years later by the inclusion of an excited s-like state,
s∗[33] (sp3s∗). This additional feature allowed a better description
of the conduction band of diamond and zincblende semiconductors

49
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along [100]. Much more recently, excited d-orbitals (sp3d5s∗) were
introduced to a nearest-neighbor approach, improving the X-valley
transverse masses[47].

With the nearest-neighbor sp3d5s∗ empirical tight-binding method,
one is therefore able to reproduce the complete bulk bandstructure[34]
within a reasonable tolerance. Furthermore, its atomistic description
of the simulation domain is advantageous at the nanometer scale. In
this context, phenomena such as interface roughness, alloy disorder,
heterostructures, or impurity scattering can be treated rigorously.

4.2 Theory

For a given crystal structure, the semi-empirical tight-binding method
consists in finding energy bands En and coefficients Cn of a linear
combination (or Bloch sum) of atomic orbitals φn(r − Ri). These
functions are located on the various atoms i at position Ri in the
crystal. n refers to the band quantum number. The periodicity of
the simulated structure will determine the form of the Bloch sum
constructed from the orbital functions.

The primitive unit cell characterizes the atomic fitting of a semi-
conductor crystal. It is defined by the number N of atoms it contains
and their type α (cation or anion), by its primitive vectors a1 to aN
(position of the atoms in the cell), and by its basis (or translation)
vectors v1, v2, and v3. In the nearest neighbor approximation all the
atoms are connected to four neighbors, except at the boundary of the
simulation domain, where dangling bonds can be found. A primitive
unit cell with N atoms has therefore 4N different bond vectors bαi (i
runs from 1 to 4, α determines the atom the bond starts from).

4.2.1 Bulk

For bulk structures (periodicity in x, y, and z), the Bloch sum takes
the following form

ψ(r) =
∑
σ,α,k

Cα
σ (k)

∑
Rα

i

φασ(r−Rα
i )eik·R

α
i
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|ψ〉 =
∑
σ,α,k

Cα
σ (k)|kσα〉 (4.1)

where σ is the orbital type (s, p, d, s∗), α is the atom type (cation
1 to cation N/2, anion 1 to anion N/2), and k is a three-dimensional
wave vector. The wave function |ψ〉 is the solution of the stationary
Schrödinger equation for bulk crystal, because |kσα〉 fulfills the Bloch
theorem. With the Hamilton H0 in Eq. (2.36) one has

H0|ψ〉 = E|ψ〉. (4.2)

The tight-binding Hamilton matrix H is obtained by multiplying the
left- and the right-hand side of Eq. (4.2) with 〈kσα|. To calculate the
matrix elements of H, the two center approximation is applied and
the orbital functions φασ(r−Rα

i ) are orthogonalized (Löwdin’s orbital
functions)[32]. After some straightforward algebra, the general form
of the bulk tight-binding problem can be written as

(Hαα −E(k))Cα(k) +
4∑

i=1

Vαβ(bαi )Cβ(k)eik·b
α
i = 0. (4.3)

In Eq. (4.3), all the orbitals σ are cast into a single quantity so that
Hαα and Vαβ(bαi ) are matrices of size tb × tb, Cα(k) and E(k) are
vectors of size tb. The parameter tb is the number of different orbitals
taken into account in the calculation, for example 10 in the sp3d5s∗

model without spin and 20 with spin.
Hαα is the on-site energy of an atom α. It is a diagonal matrix

with elements Eα
s (on-site energy of the s orbital for an atom of type

α), Eα
p (three times), Eα

d (five times), and Eα
s∗ . The off-diagonal

elements are equal to 0, except when spin-orbit coupling is present.
The matrix Vαβ(bαi ) represents the coupling between an atom

of type α and an atom of type β connected by the bond bαi . If
α stands for a cation, β must be an anion and vice versa (nearest-
neighbor approximation). For instance, the matrix element V αβ

x,xy(b
α
i ),

i.e. the overlap integral between an orbital pαx and an orbital dβxy, is
approximated in terms of two integrals: one between a pσ orbital on
the first atom and a dσ on the second, V αβ

pdσ; and one between a pπ
orbital on the first atom and a dπ on the second, V αβ

pdπ. Since the
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Figure 4.1: Atomic fitting for zincblende (a) and wurtzite (b) crys-
tals. The zincblende (c) and wurtzite (d) bulk primitive unit cells
(projected into a plane) contain two and four atoms, respectively.
They are delimited by the dashed lines. Blue atoms are cations, red
atoms anions.

orbital functions px and dxy are angle-dependent, the matrix element
V αβ
x,xy(b

α
i ) exhibits an angle dependence too

V αβ
x,xy(b

α
i ) =

√
3l2mVpdσ +m(1 − 2l2)Vpdπ. (4.4)

The direction cosines l, m, and n describe the bond bαi pointing from
atom α to atom β, i.e. [l,m, n] = bαi /||bαi ||. The lmn-dependence
of the other matrix elements in Vαβ(bαi ) can be found in Ref. [32].
Note that the on-site energies Eα

s , Eα
p , ..., as well as the overlap

integrals V ααi

pdσ , V αβ
pdπ, ... are fit parameters chosen in such a way

that the calculated band gap and effective masses correspond to their
measured values.
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Quantum Well Quantum Wire

Figure 4.2: Schematic view of a quantum well with infinite dimensions
along x and y and confinement along z (left) and of a quantum wire
with confinement in the y and z directions and infinite dimension along
x (right). The atomic unit cell of the structures are also depicted; blue
and red points represent atoms.

Figure 4.1 shows the atomic fitting of two crystal classes, zincblende
on the left and wurtzite on the right. A projection of their primi-
tive unit cell is given in the lower part of the plot. Zincblende has
two atoms in its primitive unit cell so that the eigenvalue problem in
Eq. (4.3), put into a matrix H, is of size (2tb) × (2tb). The wurtzite
cell contains four atoms leading to a matrix H of size (4tb) × (4tb).

4.2.2 Nanostructures

The transition from infinite (bulk) to one- or two-dimensionally con-
fined nanostructures is computationally straight forward. The atomic
on-site energies as well as the connections to the nearest neighbors
are modeled with the bulk material parameters. Hard wall bound-
ary conditions are applied to the surface atoms by “passivating” their
dangling-bonds[48]. The difficulty resides in the construction of the
primitive unit cell of these confined structures.

In Fig. 4.2 an ideal ultra-thin body (or quantum well) with growth
direction along z (left) and an ideal quantum wire with confinement
in y and z (right) are shown. Their primitive unit cells are composed
of a number of atoms (blue and red points) that depends on the di-
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mension of the structures and on the growth direction, contrary to
bulk crystals, where this number remains constant.

The primitive vectors a1 to aN, the basis vectors v1, v2, and v3,
and the bond vectors bαi are defined for crystal axis x aligned with
[100], y with [010], and z with [001]. If x is aligned with x̃=[ax,bx,cx],
y becomes aligned with ỹ=[ay,by,cy] (ay, by, and cy can be freely
chosen as long as the scalar product x̃ · ỹ=0), and z is aligned with
z̃=[az,bz,cz]=x̃ x ỹ (cross product). To express the primitive unit cell,
the basis, and the bond vectors in this new basis, a rotation matrix
R is introduced

R =


 ax/||x̃|| ay/||ỹ|| az/||z̃||
bx/||x̃|| by/||ỹ|| bz/||z̃||
cx/||x̃|| cy/||ỹ|| cz/||z̃||


−1

. (4.5)

The new quantities are obtained by multiplying the old ones with R.
For example ṽ1 = R·v1. This is a necessary step to change the growth
direction of a quantum well or the transport direction of a quantum
wire. The rotated primitive unit cell is shifted with the new vectors
ṽ1,2,3 to construct a structure. For the rest of this Chapter the tilde
[˜] are omitted, but the vectors can be expressed in any basis.

Ultra-Thin Body (Quantum Well)

For an ultra-thin body (UTB) the Bloch sum in Eq. 4.1 is modified
to account for the confinement along the z axis, where the structure
periodicity is broken

ψ(r) =
∑

σ,α,kt

∑
zk

Cα
σ (zk,kt)

∑
Rα

ti

φασ(r− {Rα
ti, zk})eikt·Rα

ti

|ψ〉 =
∑

σ,α,kt

∑
zk

Cα
σ (zk,kt)|ktσα〉. (4.6)

The position Rα
i of the atoms is split into a transverse component

Rα
ti and a longitudinal component zk, parallel to the growth direc-

tion. Consequently the wave vector k becomes kt = {kx, ky}. If the
Hamiltonian H0 in Eq. (2.36) is applied to |ψ〉 and if the same ap-
proximations as in the bulk case are made (Löwdin’s orbitals, nearest-
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neighbor, two center integrals, ...), one obtains

(Hαα −E(kt))Cα(zk,kt) +
4∑

i=1

Vαβ(bαi )Cβ(zk + bαzi,kt)eikt·{bα
xi,b

α
yi} = 0. (4.7)

The matrices Hαα and Vαβ(bαi ) are exactly the same as in Eq. (4.3).
However, there are two essential differences. First, the eigenvalue
problem in Eq. (4.7) must be solved in a two-dimensional Brillouin
Zone instead of a three-dimensional one. Secondly, the different zk
positions of the atoms along the growth direction must be determined.
This is done by choosing a start position zk = z0 where the first atom
of type α is placed. The coordinates of the other atoms must be larger
than z0 and smaller than z0 + Lz where Lz is the width of the UTB.

Four different bonds bαi start from the first atom at zk = z0 and
connect it to atoms situated at z0 + bαzi (bαzi is the z-component of the
bond vectors). All the atoms with z0+bαzi ≥ z0 are kept, because they
are part of the UTB. Then one goes to the new atom with the smallest
z0 + bαzi and repeat the procedure above. This operation is redone for
all the atoms present in the structure until only z-components larger
than z0 +Lz are found. Thus an atomic chain is built that represents
the projection of the UTB unit cell onto a single line.

Examples of atomic chains are given in Fig. 4.3 for 2 nm wide Si
quantum wells and growth directions along [001] (15 atoms), [110] (22
atoms), [111] (14 atoms), and [113] (25 atoms). If NA is the number of
atoms in the UTB unit cell, the eigenvalue problem has a size (NAtb)
x (NAtb).

It is possible that more than one atom of the same type is situated
at a given zk. Then the bonds connecting zk to its neighbors are
twofold degenerate. This is the case for the [001] growth direction
where two anions (red points) are situated at zk = 0 nm, two cations
(blue points) at zk = a0/4 = 0.136 nm, two anions at zk = a0/2 =
0.271 nm, and so on. This situation is described in Refs. [49, 50].

Nanowire

Ideal nanowires are confined in two directions, for example y and
z, and are periodic along x. Accordingly, the bulk Bloch sum in
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Figure 4.3: Atomic chains used to calculate the bandstructure of ultra-
thin body (quantum well). The four chains correspond to four differ-
ent growth direction (from left to right [001], [110], [111], and [113]) of
a 2 nm-wide Si structure. Blue points are cations, red points anions,
red-filled blue circles stand for an anion and a cation situated at the
same height.
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Eq. (4.1) is reduced to a sum over the kx-component of k and over
the x-component of the atom position Ri. This gives

ψ(r) =
∑

σ,α,kx

∑
yj ,zk

Cα
σ (yj , zk, kx)

∑
xi

φασ(r− {xi, yj , zk})eikxxi

|ψ〉 =
∑

σ,α,kx

∑
yj ,zk

Cα
σ (yj , zk, kx)|kxσα〉 (4.8)

for the wave function |ψ〉 and

(Hαα −E(kx))Cα(yj , zk, kx) +
4∑

i=1

Vαβ(bαi )Cβ(yj + bαyi, zk + bαzi, kx)e
ikxb

α
xi = 0 (4.9)

for the wire equation (Löwdin’s orbitals, nearest neighbor, and two
center approximations are applied as in the bulk and in the UTB
cases). Equation (4.9) is constructed with the same matrices Hαα

and Vαβ(bαi ) as in Eqs. (4.3) and (4.7). However, it must be solved
in a one-dimensional, kx-dependent, Brillouin Zone.

The positions yj and zk of the atoms describe the cross section of
the nanowire, i.e. what would be seen if one looks through a nanowire
along its x-axis. To find the yj and zk, the nanowire cross section
is delimited by its corner points, and the crystal axis x, y, and z
are chosen. The basis vectors, the primitive vectors, and the bond
vectors are expressed in the resulting basis. Since one deals with a
two-dimensional structure (dependence on yj and zk), the y- and z-
components of the different vectors are kept. For example v1 → v1t =
{v1y, v1z}. Note that v1t, v2t, and v3t are linearly dependent vectors.

The two-dimensionally projected bulk primitive unit cell, charac-
terized by its primitive vectors a1t to aNt, is translated by linear
combinations of v1t and v2t, n1v1t + n2v2t. The integers n1 and n2

vary from −∞ to +∞. For each (n1, n2) pair, the N atoms constitut-
ing the bulk primitive unit cell are checked to be inside or outside the
preliminary defined nanowire cross section. If an atom is inside the
simulation domain, its y- and z- components are kept, otherwise they
are disregarded. The retained coordinates form the projection of the
nanowire unit cell, also called slab. If there are NA atoms per slab,
the bandstructure eigenvalue problem is of size (NAtb) x (NAtb).



58 CHAPTER 4. BANDSTRUCTURE MODEL

4.2.3 Strain

Mechanical strain is present in a wide variety of material systems.
When the lattice constant of a semiconductor layer is smaller or larger
than the lattice constant of the material it is grown on, displacement
of the atoms from their original unstrained positions is observed.

In such strained systems the matrix elements of Vαβ(bαi ) in Eqs.
(4.3), (4.7), and (4.9) are altered due to the change of bαi in terms
of both length and angle. Bond angle alterations are fully taken into
account in the Slater-Koster table through the direction cosines l, m,
and n[32]. Changes of the bond length are obtained by scaling the
matrix elements, for example Vx,xy in Eq. (4.4) by a factor (d0/d)η,
where d0 and d are the ideal and the strained bond length, respectively.
This generalization of Harrison’s scaling law[51] means that Vx,xy →
Vx,xy × (d0/d)η where η is a fit parameter.

Since the tight-binding atomic orbitals are not true atomic or-
bitals, the diagonal matrix elements of Hαα in Eqs. (4.3), (4.7), and
(4.9), too, are influenced by atom displacements[52]

Ẽα
σ = Eα

σ +
4∑

i=1

∑
γ

Cαβ
γ,σ

[
V βα
γ,σ (bαi )

]2 − [Ṽ βα
γ,σ (b̃αi )

]2
Eα
σ + Eβ

γ

. (4.10)

The strain-modified quantities carry a tilde. The parameters α and
β are the atom types (cation or anion), σ and γ are the orbital types
(s, p, d, and s∗), and Cαβ

γ,β are diagonal parameter shift constants (fit
parameters).

The displacement of the atoms due to strain should be calculated
accurately by minimizing the total strain energy[53] present in the
material system. However, as a first approximation, biaxial (uniaxial)
strain in the x and y (z) direction can be assumed, if a very thin
layer (lattice constant a0) is grown on a thick reference layer (lattice
constant aref0 ) along the z direction. One has therefore[54]

εxx = εyy =
aref0 − a0
a0

εzz = −Dεxx, (4.11)

where εxx, εyy, and εzz are the relative displacements of the atoms
along x, y, and z, respectively. D depends on the elastic constants
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c11, c12, and c44 and on the growth direction of the thin layer. The
basis vectors, the primitive vectors, and the bond vectors are then
multiplied by the strain matrix S

S =


 1 + εxx 0 0

0 1 + εyy 0
0 0 1 + εzz


 . (4.12)

If the growth direction z differs from [001], the unit cell vectors ai,
vi, and bαi are first rotated with the matrix R in Eq. (4.5) and then
strained with S, i.e. {ai,vi,bαi } → S ·R · {ai,vi,bαi }.

In addition to the macroscopic strain described by S, internal dis-
placements of the atoms should be considered, if z is different from
[001][55, 56]. This effect tends to reduce the nearest neighbor central
force of the system[57].

Finally, in the bulk case, if the uniaxial component of the macro-
scopic strain is not aligned with z, the x, y, and z axis are transformed
in such a way that z becomes aligned with the uniaxial component
of the strain. This is achieved with Eq. (4.5). Then the diagonal
strain tensor in Eq. (4.12) is applied to the basis vectors, to the prim-
itive vectors, and to the bond vectors, that are transformed back to
the original basis with the inverse of the rotation matrix. The re-
sulting strain tensor S̃ is a matrix with non-diagonal entries given by
S̃ = R−1 · S ·R. Examples are given in Ref. [55].

4.3 Results

Originally, the semi-empirical tight-binding method was used to cal-
culate bulk bandstructures. The results for (a) Si (diamond), (b) Ge
(diamond), (c) GaAs (zincblende), and (d) GaN (wurtzite) crystals
are shown in Fig. 4.4. The material parameters[34, 53, 58] are fitted to
reproduce experimental band gaps and effective masses as accurately
as possible. Since measurements are not available for the gaps and the
effective masses of all the bands, there are uncertainties in the values
of the material parameters. Two different sets of parameters could
give the same overall accuracy, but one set could be better around
the Γ-point, the other around the X-point. This is the main draw-
back of the tight-binding method. The tight-binding representation
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Figure 4.4: Bulk bandstructure of (a) Si, (b) Ge, (c) GaAs, and (d)
wurtzite GaN.

of GaN or InN, whose material properties are less known than those
of Si, will suffer from the lack of available benchmarks.

Figures 4.5 and 4.6 represent the contour of the lowest conduction
band and of the highest valence band of four different 2 nm-wide ultra-
thin body structures, respectively. Structures (a) (growth direction
[001]), (b) ([110]), (c) ([111]) are made out of Si, structure (d) ([113]) is
made out of GaAs. Since the lowest energies are blue and the highest
red, one sees that a [001]-grown Si quantum well has a direct band
gap (minimum of the conduction band and maximum of the valence
band at kx = ky = 0). This is due to the projection of the two X-
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[100] [110] [111] [113]
v1 [a0] (1/2,1/2) (1,0) (

√
3/8,1/

√
8) (0,1/

√
2))

v2 [a0] (1/2,-1/2) (0,1/
√

2) (0,1/
√

2) (-
√

11/8,1/
√

8)

Table 4.1: UTB primitive vectors v1 and v2 as function of the lattice
constant a0 for different growth directions.

valleys situated along kz in the three-dimensional Brillouin Zone to
the Γ-point. However, indirect minima of the conduction band can
be found at kt = (±2π/a0, 0) and at kt = (0,±2π/a0). The z=[110]
and z=[111] Si UTB remain indirect, which is clearly seen in Fig. 4.5,
subplots (b) and (c).

As it is obvious in Figures 4.5 and 4.6, the two-dimensional Bril-
louin Zones are different for each growth direction. Their contour is
automatically generated by constructing the UTB Wigner-Seitz cell.
Then its primitive vectors v1 and v2, summarized in Table 4.1, are ex-
tracted to calculate the reciprocal lattice vectors v∗

1 and v∗
2. Finally,

the Wigner-Seitz cell in the reciprocal space (or first Brillouin Zone)
is obtained from v∗

1 and v∗
2. Note that the computation of v1 and v2

requires the knowledge of the three-dimensional UTB unit cell, and
not only of its one-dimensional projection shown in Fig. 4.3. Further
details are given in Chapter 5.2.3.

In Fig. 4.7 the lowest conduction subbands of the [001] (a) and
of the [111] (b) 2 nm-wide Si UTB are plotted along the most mean-
ingful lines of their respective Brillouin Zone. In the absence of me-
chanical strain, the apparition of a direct band gap for the growth
direction z=[001] is confirmed. However, when the structures are de-
formed through a biaxial compression (blue dashed lines) or through
a biaxial tension (red dashed lines), the direct/indirect behavior of
the bands starts to change. In the [001] structure (compression) the
direct minimum of the first conduction band is increased while the
indirect minimum decreases. Two antagonist effects face each other:
the lowering of the conduction band edge and the increase of the ef-
fective masses, both due to strain. The opposite trends are observed
for the [111] structure under biaxial tension. The Si strain parameters
have not been published yet[59].

Bandstructures and unit cells of nanowires are shown in the next
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Figure 4.5: Lowest conduction band contour of 2 nm-wide ultra-thin
bodies plotted within their first two-dimensional Brillouin Zone. The
growth direction z is (a) [001], (b) [110], (c) [111], and (d) [113]. The
UTB in subplots (a), (b), and (c) are made out of Si, the UTB in (d)
is made out of GaAs. Blue represents low energies, red high energies.
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Figure 4.6: Highest valence band contours of the same UTB structures
as in Fig. 4.5. The highest energy points are red, the lowest blue.
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Figure 4.7: Lowest conduction subbands for (a) the [001] and for
(b) the [111], 2 nm-wide, Si UTB, along different lines in the Brillouin
Zone. The black lines have no strain, the blue dashed lines are exposed
to a biaxial compression (εxx=εyy=-0.02, εzz=0.0155), the red dashed
lines to a biaxial tension (εxx=εyy=0.02, εzz=-0.0089).

Chapter, where they are used to verify the transport properties of
idealized two-dimensionally confined structures. Applications of the
UTB and nanowire bandstructure calculations can be found in Ref. [60].

4.4 Summary

In this Chapter the semi-empirical tight-binding method was pre-
sented and applied to the calculation of bulk, ultra-thin body, and
nanowire bandstructures. The code that was developed in this frame-
work builds the core of an interactive tool called Bandstructure Lab
that is available online[61]. All the features described in this Chapter
are included in the online version.



Chapter 5

Transport Model

5.1 Introduction

In this Chapter, the sp3d5s∗ bandstructure model is incorporated
into a three-dimensional quantum transport simulator. The goal is
to simulate nanowire transistors. Non-equilibrium Green’s function
(NEGF)[62, 63] or Wave Function[64] formalisms are well suited for
that purpose, but both approaches suffer from the computational bur-
den caused by the open boundary conditions (OBCs) calculation. In
most of the simulations, nanowires can be separated into a transport
direction (the x-axis, for example) and into two transverse directions
(y and z). In these cases, the wire unit cell in the transport direction
is a slab composed of different atomic layers (planes orthogonal to the
transport direction). The number of atomic layers that make up the
repeatable wire slab depends on the crystal orientation.

In the ideal case, each unit cell has N atoms. It is connected to
the previous and to the next slab. The sp3d5s∗ tight-binding method
includes ten orbitals without spin-orbit coupling and twenty with cou-
pling, and the size of the block matrices involved in the calculation
of the OBCs is either 10N or 20N . Iterative algorithms[44] require
the inversion of very dense or even full matrices of this size until
convergence is achieved, typically after 20 to 40 steps. In scattering
boundary methods (SBM)[65], the reservoir state eigenfunctions are

65
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calculated by solving a generalized eigenvalue problem (GEVP) of size
20N (without spin) or 40N (with spin). Obviously, if the wire cross
section increases, or, if a special crystal orientation is chosen so that
a wire slab contains many atoms, the efficiency of the iterative and
the SBM with GEVP degrades and a high amount of the CPU time
is dedicated to the boundary condition calculation.

A new approach to treat the OBCs problem is investigated. Start-
ing from a scattering boundary ansatz, one takes advantage of the
atomic fitting in the nanowires and adapts the physical description
of a slab. This method works not only for the usual [100] transport
direction and square cross section[62, 63, 64, 65], but for any crystal
orientation such as [110], [111], or [113], and any wire shape (e. g. tri-
angular, circular, T, hexagonal, ...). Furthermore, the computational
burden increases proportionally to the cross section dimensions, as in
the iterative and the GEVP approaches (staying nevertheless lower
than in both cases), but not as function of the crystal orientation. A
higher number of atomic layers (and therefore more atoms) in a slab
with the same size does not necessarily lead to more effort to com-
pute the OBCs as it happens with other methods. The results can
then be coupled to a NEGF (if incoherent scattering are included) or
to a Wave Function solver (much more efficient in the ballistic case).
Wires with non-ideal reservoirs (for example quantum well reservoirs)
are also considered. It is shown that the new method works for any
input electrostatic potential, for which no self-consistent adjustment
has been performed (Chapter 6).

The Chapter is organized as follows: in Section 5.2, a new method
is described to calculate the open boundary conditions for quantum
transport in nanowires, the improvement compared to previous treat-
ments is highlighted, and the coupling to different solution schemes is
derived. An additional simplification based on the device symmetry is
described. Section 5.3 presents results for Si, GaAs, and unstructured
AlGaAs wires with different cross sections and crystal orientations
and it examines the influence of applied bias, of biaxial strain and of
the contacts. The transmission coefficients as well as the density of
states are calculated for these different configurations. In Section 5.4,
the numerical implementation, the advantages and disadvantages of a
Wave Function and of a NEGF device calculation, and the different
alternatives for the open boundary conditions are discussed.



5.2. THEORY 67

5.2 Theory

In this Section, a new computational procedure to obtain open bound-
ary conditions in a two-dimensionally confined quantum transport
problem and the coupling to a NEGF and a Wave Function ballistic
solver are described. It is based on a scattering-boundary approach.
Figure 5.1 shows the schematic view of a nanowire with wire length
Lw (scattering boundary region) without semi-infinite reservoirs. Ef-
fective transport occurs along the x-axis while y and z are directions
of confinement. Each atom is characterized by a set of orbitals. In the
sp3d5s∗ tight-binding method, ten different orbitals are kept. Each of
them is twofold degenerate, if spin orbit coupling is considered.

x 

y

 

L
w

z 

Figure 5.1: Schematic view of an atomistic nanowire. x is the trans-
port axis, y and z are confinement directions, Lw represents the wire
length. Each atom is considered as well as the connections to its four
nearest neighbors, except at the surface.

Independent of the underlying formalism, the Schrödinger equa-
tion is explicitly or implicitly solved with proper boundary conditions.
An incident electron, coming from the left or the right reservoir, with
energy E measured relative to the top of the valence band, can be
scattered into reflected states that propagate back to their origin or
into transmitted states that propagate to the other contact(s). The
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device equation can be written as

H|ψE〉 = E|ψE〉. (5.1)

The Hamiltonian H contains the lattice and the electrostatic poten-
tials. The scattering wave function |ψE〉 can be expanded in terms
of orthogonalized Löwdin atomic orbitals φσ(r) of type σ (s, p, d, or
excited s∗)

ψ(r;E) =
∑

σ,i,j,k

Cσ
ijk(E)φσ(r−Rijk)

|ψE〉 =
∑

σ,i,j,k

Cσ
ijk(E)|ijk, σ〉, (5.2)

where Cσ
ijk(E) is the expansion coefficient for the orbital σ of an atom

situated at R = (xi, yj , zk) in the nanowire. To solve Eq. (5.1), one
works in a slab basis[66]. A slab represents the minimal number of
atomic layers required to generate an infinite nanowire, if it is trans-
lated in the transport direction (for example, a slab is composed of
four atomic layers if x is aligned with [100] and six layers for [111]).
A slab has a width ∆. A nanowire with length Lw is therefore com-
posed of Lw/∆ cells that represent its central scattering region. In
this basis, the scalar Cσ

ijk(E) becomes a vector Ci(Rs, E), where i de-

notes the ith wire slab and Rs the position and the orbital type of an
atom localized inside of it. Considering only connections to the nearest
neighbors, disregarding three-center integrals[32], and left-multiplying
Eq. (5.1) with 〈ijk, σ| at each position and for each orbital, the matrix
equations

(E −Hii)Ci(Rs, E) −Hii+1Ci+1(Rs, E) −Hii−1Ci−1(Rs, E) = 0
(5.3)

or

DiiCi(Rs, E) + Tii+1Ci+1(Rs, E) + Tii−1Ci−1(Rs, E) = 0
(5.4)

are obtained, whose elements E − Hii ≡ Dii describes the on-site
energy and the bond connections within a slab i, Hii+1 ≡ −Tii+1 is
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the coupling to the next slab, and Hii−1 ≡ −Tii−1 is the coupling to
the previous one. If tb is the tight-binding order (10 without spin,
20 with) and each slab contains N atoms, the size of these square
matrices is tbN . Equation (5.4) is valid in the device as well as in
the semi-infinite left and right contacts, where a scattering boundary
ansatz is applied to find the coefficients Ci(Rs, E) (i denotes a slab
in the left lead). For brevity, only the left contact is treated, the
derivation for the other(s) is obvious

Ci(Rs, E) =
1√
Nx

∑
n

(
ane

ikn(E)xiϕ+
i,n(Rs, E)+

bne
−ikn(E)xiϕ−

i,n(Rs, E)
)
. (5.5)

Here, Nx is a normalization constant, an is the injection coefficient
for a state ϕ+

i,n(Rs, E) transmitted through the device (i.e. flowing
from left to right), and bn is the coefficient for a state ϕ−

i,n(Rs, E) re-
flected back in the contact, respectively. ϕ±

i,n(Rs, E) (associated with

e±ikn(E)xi) is the nth reservoir state and can be either propagating or
exponentially decaying. Inserting Eq. (5.5) into Eq. (5.4) and separat-
ing the transmitted and the reflected part of the coefficient Ci(Rs, E),
the fact that both resulting contributions must vanish for each quanti-
zation level n is exploited. In effect, the contacts are assumed infinite
and(

Dii + Tii+1e
±ikn(E)∆ + Tii−1e

∓ikn(E)∆
)
ϕ±
i,n(Rs, E) = 0, (5.6)

with the slab width ∆. Only one of these two equations needs to
be solved because the solution of the other equation is automatically
taken into account[67]. It is worth noting that Eq. (5.6) is exactly the
equation solved for the bandstructure calculation of an infinite wire,
but with exchanged input and output variables. In the open bound-
ary conditions problem, one searches for all the wave vectors k corre-
sponding to one injection energy E. In the bandstructure case, one
calculates the energy eigenvalues at one k point. To recognize if the
calculated state is transmitted or reflected, two different approaches
are required. For a propagating state (i.e., kn(E) has no imaginary
part), the energy E(kn) is derived with respect to kn because the
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particle velocity vn ∝ dE(kn)/dkn is related to this quantity. In the
left reservoir, a positive vn means transmission, a negative reflection.
For an exponentially decaying state, the imaginary part of k indicates
the state nature. A positive imaginary part, or |exp(ikn(E)∆)| < 1,
denotes a decaying transmission, while |exp(−ikn(E)∆)| < 1 corre-
sponds to a decaying reflection. These operations are done after the
kn(E) and ϕi,n(Rs, E) are calculated at one given injection energy E.

A well established procedure consists in transforming Eq. (5.6) to
the following complex non-hermitian (with spin-orbit coupling) or real
non-symmetric (without) generalized eigenvalue problem (GEVP)[64,
65] of size 2tbN(
Dii Tii+1

1 0

)
·
(

ϕi
ϕi+1

)
= eik∆

( −Tii−1 0
0 1

)
·
(

ϕi
ϕi+1

)
,

(5.7)

where the variables E and Rs are omitted for brevity. Despite the fact
that the numerical solution of Eq. (5.7) avoids matrix inversion[68],
it is still computationally intensive to obtain the desired k and ϕ
values for a nanowire with a large cross section or a crystal orientation
different from [100]. However, going back to Eq. (5.6), a better insight
into the physical structure of the matrices Dii, Tii+1, and Tii−1 leads
to a simplified procedure to evaluate the OBCs. For the derivation, a
transport axis in the [100] direction is used (the method is not limited
to this specific orientation). In this case, a slab i in the left (right)
reservoir is composed of four atomic layers, two entangled pairs of
cations and anions. A cation (anion) layer is only connected to the
previous and to the next anion (cation) layers. Therefore, Eq. (5.6)
can be written in an atomic layer basis instead of a slab basis


D̃00ϕ̃0 + T̃0−1ϕ̃−1 + T̃01ϕ̃1 = 0
D̃11ϕ̃1 + T̃10ϕ̃0 + T̃12ϕ̃2 = 0
D̃22ϕ̃2 + T̃21ϕ̃1 + T̃23ϕ̃3 = 0
D̃33ϕ̃3 + T̃32ϕ̃2 + T̃34ϕ̃4 = 0 .

(5.8)

In the layer basis, D̃ii describes the one-site energy as well as the
connections to the neighbor atoms inside layer i, T̃ii±1 the coupling
to the next and to the previous layers, ϕ̃i is the eigenfunction of
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layer i and the total vector ϕ = [ϕ̃0; ϕ̃1; ϕ̃2; ϕ̃3] is the same as in
Eq. (5.6). With the scattering boundary ansatz from Eq. (5.5) and
the assumption that all reservoir slabs are identical, one obtains ϕ̃−1 =
ϕ̃3×exp(−ik∆), ϕ̃4 = ϕ̃0×exp(ik∆), and T̃34 = T̃−10 so that Eq. (5.8)
becomes


D̃00 T̃01 0 T̃0−1e

−ik∆

T̃10 D̃11 T̃12 0
0 T̃21 D̃22 T̃23

T̃−10e
ik∆ 0 T̃32 D̃33


 ·



ϕ̃0

ϕ̃1

ϕ̃2

ϕ̃3


 = 0. (5.9)

One defines two new variables H and P as

H =



D̃00 T̃01 0 0
T̃10 D̃11 T̃12 0
0 T̃21 D̃22 T̃23

T̃−10 0 0 0


 , (5.10)

P = −




0 0 0 T̃0−1

0 0 0 0
0 0 0 0
0 0 T̃32 D̃33


 , (5.11)

respectively, and use them to rewrite Eq. (5.9)

Hϕ = e−ik∆Pϕ. (5.12)

Equation (5.12) looks almost like an eigenvalue problem, but for that
purpose the matrix H or P should be inverted so that on one side
of the equation, there were a matrix M and on the other an eigen-
value exp(−ik∆). This is not possible because P obviously cannot be
inverted due to its structure. In addition, H is also singular as the
connecting block T̃23 contains columns filled exclusively with zeros
(nearest neighbor approximation). A slight modification of Eq. (5.12)
can remove this deficiency and generate a normal eigenvalue problem
(EVP) 


Hϕ = e−ik∆Pϕ+ Pϕ− Pϕ
(H−P)ϕ =

(
e−ik∆ − 1

)Pϕ
(H−P)−1 Pϕ = 1

e−ik∆−1
ϕ

Mϕ = λϕ.

(5.13)
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The matrix (H−P) can always be inverted, except for E = E(k = 0)
which is one of its eigenvalues. To calculate the bandstructure at
k = 0 for an infinite wire whose slabs are described by Eq. (5.4),
the eigenvalues of a matrix identical to (H−P) have to be found.
However, by adding a small imaginary part to the energy E or by
artificially avoiding E = E(k = 0), the matrix M is always defined
and has an advantageous structure

M =




0 0 M02 M03

0 0 M12 M13

0 0 M22 M23

0 0 M32 M33


 . (5.14)

It is thus not necessary to consider the whole matrix M in the eigen-
value problem defined in Eq. (5.13), but only its lower right corner
and (

M22 M23

M32 M33

)
·
(
ϕ̃2

ϕ̃3

)
=

1
e−ik∆ − 1

(
ϕ̃2

ϕ̃3

)
. (5.15)

When the transport direction is aligned with the [100] crystal axis,
the complex non-hermitian (spin-coupling) or real non-symmetric (no
spin) eigenvalue problem to be solved is of size tbN/2, which is a
significant improvement compared to Eq. (5.7) whose matrices have
size 2tbN . Apart from a gain of a factor 4 in the size of the blocks,
it is not required to work with a GEVP, but with a normal EVP. A
weakness resides in the inversion of the matrix (H−P) with size tbN .
This causes an additional computational effort, but the high sparsity
of (H−P) enables a fast inversion so that the new method presented
here is more efficient than what was published previously[64, 65] (see
also Table 5.2 for quantitative results).

Once the solution of Eq. (5.15) is obtained, the eigenfunctions of
the first (ϕ̃0) and of the second (ϕ̃1) atomic layers are computed with(

ϕ̃0

ϕ̃1

)
= − (e−ik∆ − 1

)( M02 M03

M12 M13

)
·
(
ϕ̃2

ϕ̃3

)
. (5.16)

Note that the approach presented for a transport axis in the [100]
direction works for all crystal orientations, as mentioned above, even
if one atomic layer is connected not only to the next layer but to
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several consecutive layers. In this case, the matrices H and P are
generated in such a way that they minimize the bandwidth of the
matrix M . The size of the eigenvalue problem becomes as small as
possible. An illustration of this principle will be given in Section
5.3. Another possibility to reduce the size of M is to consider the
symmetry properties of the simulated nanowires.

Figure 5.2: Cross section of a rectangular GaAs wire with rotational
symmetry properties around its center.

Figure 5.2 shows the cross section of a rectangular GaAs wire
whose transport direction is aligned with the [100] crystal axis. In
fact, this cross section corresponds to the projection of a wire slab
containing 41 atoms distributed over four atomic layers, two cation
(blue atoms) and two of anion (red atoms) layers into one single atomic
plane. By writing down Eq. (5.6), it is obvious that the cross section
of Fig. 5.2 has symmetry properties. For example, the atoms in the
domain limited by the dashed line can be rotated by 180o around
the wire center. One could think that the cross section has also a
vertical, a horizontal, or a diagonal symmetry axis, but this is not
true since the reflected atoms would not belong to the same atomic
plane as the atoms they replace. Therefore, Eq. (5.15) has to be
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solved two times, but with a size divided by two, once for symmetric
and once for antisymmetric rotation. The computational burden is
significantly reduced, even more if the two cases are treated on parallel
CPUs. This simplification works for the semi-infinite contacts, if the
electrostatic potential applied to them has the same symmetry as
the atom positions, which is the case for double-gate or all-around-
gate nanowire transistors. If the transport direction is aligned with
a different crystal orientation, the symmetry properties are different
and must be studied case by case.

5.2.1 Wave Function Solver

In the Wave Function formalism, one needs to couple the OBCs from
Eqs. (5.15) and (5.16) to the Schrödinger equation expressed in a
slab basis. It is assumed that the considered nanowire has Ns slabs
starting from 1 to Ns, and that the injected electrons come from the
left contact (slab 0)


L00 L01

L10 D11 T12

T21 D22 T23

. . . . . . . . .
TNsNs−1 DNsNs

RNsNs+1

RNs+1Ns
RNs+1Ns+1




×




C0

C1

C2

...
CNs

CNs+1




=




I0
I1
0
...
0
0



. (5.17)

To calculate the elements L00, L01, L10, (coupling to the left reservoir)
RNs+1Ns+1, RNsNs+1, RNs+1Ns

, (coupling to the right reservoir), I0,
and I1 (injection mechanism), the lead eigenfunctions ϕi,n(Rs, E) and
wave vectors kn(E) are classified as function of their properties. The
N+

p states propagating from the left to the right (transmitted) are
cast into the (tbN) ×N+

p matrix ϕ+
p , the N+ transmitted states into
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ϕ+ (size (tbN)×N+), and finally the N− reflected states into ϕ− (size
(tbN) × N−). The same notation is applied to kn(E). Furthermore,
exp(ik±∆) is a diagonal matrix containing the contributions from all
the transmitted (+) or reflected wave vectors (-) with k+ = −k−.
One obtains


L00 = ϕ+†D00ϕ

− + ϕ+†T10ϕ
−e−ik−∆

L01 = ϕ+†T01, L10 = T10ϕ
−

I0 = −
(
ϕ+†D00ϕ

+
p + ϕ+†T10ϕ

+
p e

−ik+
p ∆
)
Ainj(E)

I1 = −T10ϕ
+
pAinj(E) .

(5.18)

The definition of the matrices RNs+1Ns+1, RNsNs+1, and RNs+1Ns

follows Eq. (5.18). If the states are injected from the right contact,
the right-hand side of Eq. (5.17) would have two non-zero vectors INs

and INs+1. The diagonal matrix Ainj is defined so that the elements
A†
inj×Ainj represent the probability that a state injected from the left

with energy E is occupied. Equation (5.17) must be solved for each in-
jection energy and for each right-hand side containing all propagating
states from the different device contacts. Consequently, the unknown
Ci coefficients depend on the energy E (or wave vector k(E)), on the
port and on the state they come from (index p and n, respectively)
for all i, plus on the orbital type σ, and on the atom position Rs

in the slab i if 1 ≤ i ≤ Ns. They are labeled Cσ
i,p,n(Rs, k(E)) for

1 ≤ i ≤ Ns and Ci,p,n(k(E)) else. The carrier density in the nanowire
n(r) is given by

n(r) = 〈r|ψ〉〈ψ|r〉
n(x, r) =

1
Nx

∑
n,p,σ

∑
i,Rs

∑
k

|Cσ
i,p,n(Rs, k)|2f(Ep,n(k) − µp)

×δ(x− xi)δ(r −Rs)

=
∆
2π

∑
n,p,σ

∑
i,Rs

π/∆∫
0

dk |Cσ
i,p,n(Rs, k)|2f(Ep,n(k) − µp)

×δ(x− xi)δ(r −Rs). (5.19)

In the contacts, Fermi distributions with a chemical potential µp are
assumed. The injection energy (from port p) of a state n with wave
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vector k is Ep,n(k). The product of two orbital functions φσ intro-
duced in Eq. (5.2) should be present in Eq. (5.19). It is replaced by
δ(x−xi)δ(r−Rs) because the resulting term is very localized around
one atom situated at (xi, Rs). Finally, the sum over the wave vector k
is converted to an integral. In this formalism, the position-dependent
density of states Zp(x, r, E) injected from port p is defined as

Zp(x, r, E) =
∆
2π

∑
n,σ

∑
i,Rs

π/∆∫
0

dk |Cσ
i,p,n(Rs, k)|2δ(E − Ep,n(k))

×δ(x− xi)δ(r −Rs). (5.20)

The current density is calculated by using the two-terminal Landauer
formula for the non-interacting case[69]. It requires the knowledge of
the transmission coefficient T (E) weighted with the contact distribu-
tion functions. If an electron is injected from the left port p = 1, T (E)
at the right contact is calculated with CNs+1 (situation described in
Eq. (5.17))

T (E) =
∑
n,m

|CNs+1,p=1,n(km)|2
∣∣∣∣ dE
dkm

∣∣∣∣
∣∣∣∣ dEdkn

∣∣∣∣−1

. (5.21)

The indices n and m run over all the propagating states in the left
(slab 0) and the right (slab Ns + 1) reservoirs, respectively, not over
the exponentially decaying states.

Equation (5.21) requires the knowledge of the derivative of the
energy E with respect to the wave vector k. dE(k)/dk is obtained by
deriving Eq. (5.6)

dE
dk

� −2Im
(
ϕ+†
i,k(Rs, E)Tii+1ϕ

+
i,k(Rs, E)eik∆

)
. (5.22)

The terms containing dϕ±
i,k/dk are neglected because they are much

smaller than the contribution kept in Eq. (5.22).

5.2.2 NEGF Solver

Recently, the Non-Equilibrium Green’s Function (NEGF) formalism
has become very popular for the simulation of quantum transport in
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nanodevices. In the following, it is shows that the scattering OBCs
obtained above can be used to calculate the retarded boundary self-
energies ΣRB of the NEGF formalism. The use of iterative solvers[44]
for the OBCs calculation (20 to 40 inversions of a very dense or full
matrix of size tbN) is less efficient than the approach proposed in
this Chapter (one inversion of a sparse tbN matrix and solution of
an eigenvalue problem with reduced size). However, ΣRB is obtained
after some simple steps, and not as the direct output of an iterative
solver. The starting point is the calculation of the contact retarded
Green’s function gRij(Rs1Rs2, E)[14] (i and j are slab indices, Rs1 and
Rs2 are the atom positions inside the slabs, E refers to the energy,
Rs1, Rs2, and E are neglected in the remainder of this Section). The
equation for the left reservoir is derived, assuming that slab 0 is the
last slab before the device and T01 = 0. This is the condition for the
calculation of gRij . According to Eqs. (2.57) and (2.58) the following
system of equations must be solved[70]{

D00g
R
00 + T0−1g

R
−10 = I

D−1−1g
R
−10 + T−10g

R
00 + T−1−2g

R
−20 = 0. (5.23)

With the invariance of the slabs in the reservoirs, D−1−1 = D00 and
T−1−2 = T0−1. It is easy to prove that the following ansatz for gRij
(assuming the same notation conventions as in the Wave Function
case)

gRij = ϕ−
0 e

ik−xi g̃Re−ik−xjϕ−†
0 (5.24)

satisfies the second part of Eq. (5.23) and that it can be inserted into
the first part to calculate g̃R and then ΣRB

11 . After some straightfor-
ward algebra, it is found that{

g̃R =
(
ϕ−†

0 D00ϕ
−
0 + ϕ−†

0 T0−1ϕ
−
0 e

−ik−∆x

)−1

ΣRB
11 = T10g

R
00T01 = T10ϕ

−
0 g̃

Rϕ−†
0 T01.

(5.25)

The boundary self-energy ΣRB
NsNs

of the right contact is obtained with
a similar procedure. The carrier and the current density are calcu-
lated with a recursive algorithm[23] involving the Hamiltonian H. It
corresponds to the left-hand side matrix of Eq. (5.17) without the
boundary condition terms Lij and Rij removed and replaced by the
boundary self-energies ΣRB

11 and ΣRB
NsNs

.
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Figure 5.3: Projection of the quantum well reservoir unit cell (red
atoms) and its 8 nearest-neighbor unit cells (blue atoms) onto the
(x, y) plane with the displacement vectors v1 and v2. The growth
direction z is aligned with [001] and the transport direction in the wire
x with [100]. Left: primitive QW unit cell (4 projected atoms). Right:
new QW unit cell with v1 and v2 aligned with x and y (8 projected
atoms). Both insets show the corresponding two-dimensional Brillouin
Zone drawn in a cut plane of the three-dimensional one at kz=0.

5.2.3 Quantum Well Reservoir

As the metallic contacts (Ti for example) of nanowire transistors are
often much wider than the device itself, they should be modeled as
quantum well (QW) reservoirs with charge confinement in one direc-
tion only. As a first approximation, the contacts are made of the
same semiconducting material as the nanowire. It is then possible to
study the transition from a two-dimensional electron gas (2DEG) in
the QW reservoirs to a one-dimensional electron gas (1DEG) in the
wire channel[71].

To calculate the open boundary conditions in the Well-Wire con-
figuration, Fig. 5.3 is considered. In the nanowire (labeled 1DEG),
the electrons are free only in their transport direction x, but are con-
fined in the y and z (in-plane axis) directions. In the QW reservoirs
(labeled 2DEG, only left reservoir visible), the electrons can freely
move along x and y, but are confined in the z direction.

In the previous Section, it was demonstrated that, at a given en-
ergy E, states ϕn(E) are injected from the reservoirs into the device
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for all the authorized wave vectors kxn(E) aligned with the wire trans-
port direction x. QW reservoirs add a third variable ky related to
possible displacements in the y direction in the 2DEG. Instead of de-
pending on the injection energy E only, the reservoir states ϕn(E, ky)
and wave vectors knx(E, ky) are also calculated for all the possible ky
in the first two-dimensional QW Brillouin Zone.

To compute kx(E, ky) and ϕn(E, ky) in the QW reservoirs, the QW
unit cell must be determined. In Fig. 5.3, on the left, the primitive
unit cell (red atoms, projected onto the (x, y) plane) of a structure
with x=(100), y=(010), and z=(001) is shown. By translating it with
the vectors v1 and v2, the semi-infinite QW reservoirs can be totally
constructed. Although this unit cell is the smallest one, it is not
well suited to be coupled to a nanowire. Since the device transport
direction is x, it is advantageous to have v1 or v2 aligned with it and
the other vector aligned with y. For that purpose, a larger unit cell
satisfying this condition is constructed in the right part of Fig. 5.3
(red atoms). Note that the size of the corresponding two-dimensional
BZ is divided by two and the QW bandstructure is folded.

T 01
ii−1 D01

ii T 01
ii+1

T 00
ii−1 D00

ii T 00
ii+1

T 0−1
ii−1 D0−1

ii T 0−1
ii+1

Table 5.1: Numerical transposition of the right side of Fig. 5.3.

The ϕn(E, ky)’s are then the eigenstates of the unit cell shown in
the right part of Fig. 5.3 and comprising NA atoms. They are vectors
of size N = NA× tb and should be written as ϕi,j,n(E, ky) if the space
dependence is taken into account (i and j indicate the position of the
unit cell along the x and y axis, respectively). To calculate them, the
Dii, Tii±1, and Tii−1 are replaced in Eq. (5.6) by

Dii → D00
ii +D01

ii e
iky∆y +D0−1

ii e−iky∆y (5.26)
Tii±1 → T 00

ii±1 + T 01
ii±1e

iky∆y + T 0−1
ii±1e

−iky∆y (5.27)

and ∆ becomes ∆x, the width of the unit cell in the x direction (∆y

is its width along y). A look at the right side of Fig. 5.3 and at
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its numerical transposition in Table 5.1 can help understanding the
meaning of all the terms in Eqs. (5.26) and (5.27). The QW unit
cell, depicted by the red atoms and characterized by D00

ii has eight
neighbor cells (blue atoms). The connections of the central unit cell
(red) to the others is given by the remaining blue terms in Table
5.1. The modified Eq. (5.6), expressed in a “unit cell” basis can then
be rewritten in an atomic layer basis, as in Eq. (5.8). Finally, the
ϕn(E, ky)’s are calculated according to Eqs. (5.9) to (5.16).

The coupled QW-Wire system is solved in the NEGF formalism.
The nanowire boundary self-energy ΣRB is obtained with the help
of the contact retarded Green’s function gRi1i2j1j2(z1z2, E) (i1 and i2
are unit cell indices along x, j1 and j2 along y, z1 and z2 are the
atom positions within the unit cell, E refers to the energy). Only
the left reservoir is considered, the derivation for the right one is
straightforward. First, the system of equations (5.23) is generalized
to the two-dimensional electron gas




∑
j=0,±1

(
D0j

00g
R
00j0 + T 0j

0−1g
R
−10j0

)
= I∑

j=0,±1

(
D0j

−1−1g
R
−10j0 + T 0j

−10g
R
00j0 + T 0j

−1−2g
R
−20j0

)
= 0.

(5.28)

which can be solved with the following ansatz for gRi1i2j1j2

gRi1i2j1j2 =
1
Ny

∑
ky

ϕ−
00e

ik−xi1 g̃R(ky)e−ik−xi2ϕ−†
00 e

iky(yj1−yj2 ). (5.29)

Ny is a normalization constant. Eq. (5.29) satisfies the second part of
Eq. (5.28) and can be used in the first part to derive g̃R

g̃R(ky) = (ϕ−†
00 (ky)

∑
jy=0,±1

[D0j
00ϕ

−
00(ky) +

T 0j
0−1ϕ

−
00(ky)e

−ik−∆x ]eiky(jy∆y))−1. (5.30)

As shown in Fig. 5.3, the width ∆y of the quantum well unit cell can
be thinner than Ly, the width of the Wire cross section. Therefore,
the total contact Green’s function gR00 must be generated from the
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various gR00j1j2 . If it is assumed that Ly = N∆y, one finds that

gR00 =



gR0011 gR0012 · · · gR001N
gR0021 gR0022 · · · gR002N

...
...

. . .
...

gR00N1 gR00N2 · · · gR00NN


 (5.31)

and

ΣRB
11 = T10g

R
00T01, (5.32)

which is similar to Eq. (5.25). Carrier and current density are solved
with a recursive algorithm[23]. A Wave Function approach of the
QW-Wire problem is more complicated due to the multiplication of
the states that should be injected into the device. The left-hand
side of Eq. (5.17) becomes very large, leading to an increase of the
computational burden.

5.3 Results

5.3.1 Ideal Contacts

In this Section, simulations of Si and GaAs nanowires with differ-
ent cross sections and crystal orientations (see Fig. 5.4), but with
almost the same length Lw=22.5±0.5 nm (given in Table 5.2) are
presented. The contacts are assumed ideal (semi-infinite prolongation
of the nanowire). Lw is the central scattering region of the device.
According to Fig. 5.1, x is the transport direction, y and z are direc-
tions of confinement and delimit the device cross section. The sp3d5s∗

tight-binding parameters were optimized by T. B. Boykin et al. to
reproduce Si[34] and GaAs[53] bulk bandstructures. Figure 5.4 de-
picts different wire cross sections projected onto one atomic plane.
They correspond to wire slabs, as introduced in Section 5.2, that are
composed of the minimal number of atomic layers (all the atoms con-
tained in a plane orthogonal to the x-axis). An infinite ideal wire is
generated by translating a slab in the x-direction.

In Fig. 5.5, the electron bandstructure of infinite wires (calculated
without spin-orbit coupling) with the same cross sections as in Fig. 5.4
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(a) (d) 

(b) (e) 

(c) (f) 

Figure 5.4: Cross sections of the different nanowires simulated in this
Chapter (data in Table 5.2): (a) [100] Si rectangular wire, (b) [111] Si
triangular wire, (c) [100] Si circular wire, (d) [100] GaAs T-shape wire,
(e) [110] GaAs hexagonal wire, and (f) [113] GaAs rectangular wire
(blue: Ga, red: As). The cross section corresponds to the projection
of a wire slab on a single atomic plane.
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is presented. Half of the one-dimensional Brillouin zone is drawn due
to symmetry with respect to k=0. The wave vectors are normalized
with their maximum value kmax = π/∆, where ∆ is the length of a
wire slab in the transport direction.

Figure 5.6 shows the electron transmission of the same nanowires
as in Figs. 5.4 and 5.5 for three different operating conditions. The
open boundary conditions (OBCs) are calculated with the eigenvalue
method proposed in this paper. They are then coupled to a Wave
Function solver as described in Section 5.2.1. Spin-orbit coupling is
neglected, because one considers electron transmission only and the
effects are small for the conduction band as it will be shows later in
this Section.

The unbiased device transmission coefficients T (E) in Fig. 5.6
(blue lines) corresponds to the bandstructure of infinite structures.
In effect, the semi-infinite left and right reservoirs as well as the cen-
tral channel they are connected to form an uniform nanowire whose
electrical properties do not vary in transport direction. In this case,
if there are n available incident modes at energy E (i.e. modes with a
positive velocity in the left reservoir and a negative in the right reser-
voir), one has T (E) = n. This is a good way to check if the results
obtained with the procedure outlined in Section 5.2 are correct.

When a linear bias of 0.1 V (green lines) or 0.2 V (red lines) is
applied to the nanowires, the band bending starts 5 nm after the left
contact and ends 5 nm before the right contact. T (E) can no more
be related to the bandstructure of infinite wires, where the potential
does not vary from the left to the right semi-infinite leads. However,
in order for transmission to occur, an incident mode must have the
same symmetry properties as the reservoir state that collects it on
the other side of the device. For example, a mode whose probability
density has one single maximum in the middle of the cross section
(caused by the confinement) is injected from the left reservoir. Only
states with different probability densities are available in the right
reservoir. No transmission is possible at this energy because in the
ballistic regime, a state cannot change its symmetry during a passage
through the channel. For energy E, if n modes are present in the
left reservoir and m in the right one, then T (E) ≤ min(n,m). This
principle is illustrated in Fig. 5.6.

The six examples depicted in Fig. 5.4 are studied now. The first
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Figure 5.5: Conduction subbands of infinite (in the transport direc-
tion) nanowires without an applied bias. The cross sections and the
crystal orientations are the same as in Fig. 5.4: (a) Si rectangular
wire, (b) Si triangular wire, (c) Si circular wire, (d) GaAs T-shape
wire, (e) GaAs hexagonal wire, and (f) GaAs rectangular wire.
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Figure 5.6: Electron transmission through the nanowires described in
Fig. 5.4 calculated without spin-orbit coupling and with a bias of 0.0
V (blue lines), of 0.1 V (green lines), and of 0.2 V (red lines). The
linear bias extends from 5 nm after the left contact to 5 nm before
the right one, flat plateaus are left at both ends of the devices. (a) Si
rectangular wire, (b) Si triangular wire, (c) Si circular wire, (d) GaAs
T wire, (e) GaAs hexagonal wire, and (f) GaAs rectangular wire.
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structure (a) is a Si rectangular nanowire (1.2 nm × 1.2 nm) where
the transport axis is aligned with [100], y with [010] and z with [001].
A slab contains four atomic layers (width ∆=0.543 nm), 41 atoms,
the wire 42 slabs, and therefore 1722 atoms. The square matrix M
involved in the calculation of the OBCs has a size NM=410 but the
eigenvalue problem in Eq. (5.15) has a reduced size of NEV P=210.
This implies that 51.2% of NM is sufficient to calculate the k’s and
the ϕ’s. The remaining states (48.8%) have an infinite imaginary part
and do not contribute to quantum transport.

From the bandstructure calculation in Fig. 5.5 (a), one can de-
termine the unbiased transmission of Fig. 5.6. For example, the first
band (blue) starts at E=2.105 eV, and so does the transmission. Due
to the confinement effects, this conduction subband has a minimum
at k=0 and [100]-oriented Si nanowires become direct band gap struc-
tures with four of the six split valleys projected to k=0. At k=0, the
third band (cyan) turning on at E=2.176 eV is doubly degenerate
and induces an increase of step-size 2 in the transmission T (E). The
fourth visible conduction band (magenta) has a minimum at k=0.25
at E=2.444 eV. At this point, in the transmission plot, a double
step is observed, because a state with positive velocity appears at
k = 0.25 + δ, but also on the other side of the Brillouin Zone, at
k = −0.25 + δ (with δ → 0). When one branch of this fourth band
stops at k = 0 at E=2.521 eV, the transmission encounters a step
down (from 6 to 5) marking the turn-off of one channel. Following this
procedure, the complete transmission can be explained in the unbi-
ased case, proving that the results obtained in the quantum transport
calculation are correct.

When bias is applied to the device, a shift of 0.1 eV and 0.2 eV in
the transmission curves and a smoothing of the abrupt quantization
steps at low energies are noticed. At high energy, in addition to these
effects, the transmission changes its physical behavior: at E=2.89 eV
(see arrow in Fig. 5.6 (a)), it would expected that T (E) with a bias
of 0.2 V (red line) remains flat, but it actually goes down. This rises
from the fact that all the bands with 2≤ n ≤9 are present in the left
reservoir (1 has just disappeared and 10 has not been reached yet) and
all the bands with 1≤ m ≤6 are found in the right contact (first band
situated at E=2.105 + 0.2 eV, band 7 has not started at E=2.788 +
0.2 eV). Because of the symmetry properties of the probability density,
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Figure 5.7: Left and right reservoir bandstructures for the rectangular
Si wire in Fig. 5.4 (a) with a bias of 0.2 V. The central subplots
show the available bands for transmission through the device and the
transmission T (E).

only the following (n,m) couples are possible: (2,2), (3,3), (4,4), (5,5),
and (6,6). Figure 5.7 shows the available bands in the left and the
right reservoir at a given energy and confirms the explanation. Thus
the transmission at E=2.89 eV with a bias of 0.2 V must be smaller
or equal to 5, as illustrated by the red line in Fig. 5.6 (a) and cannot
remain on plateau number 6.

To verify that the results are correct when a bias is applied to the
nanowires, a second simulation model is implemented; the OBCs are
calculated with an iterative method[44], cast into self-energies, and
quantum transport is solved in the Non-equilibrium Green’s Function
(NEGF) formalism[14, 23]. The comparison of the Wave Function
(new eigenvalue method for the boundaries, blue and green lines) and
of the NEGF (iterative OBCs, labeled “Sancho-Rubio”, red and yellow
lines) solutions is shown in Figs. 5.8 and 5.9 for the Si rectangular wire
(bias: 0.2 V). The electron transmission (Fig. 5.8) and the density of
states in the first wire slab (Fig. 5.9) match perfectly, indicating that
the new OBCs method introduced in this Chapter works under all
conditions. In Fig. 5.9, there are two different densities of states, one
coming from the left contact (blue and red) and weighted by the left
electron distribution function when carrier density is calculated, the
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Figure 5.8: Electron transmission through the Si rectangular [100]-
oriented wire in Fig. 5.4 for an applied bias of 0.2 V. The results
obtained with the new OBCs method presented in this Chapter (blue
line) are compared to the results from the iterative algorithm proposed
by Sancho and Rubio[44] (red dashed line).

other (green and yellow) coming from the right contact and weighted
by the right electron distribution function.

The second Si nanowire in Fig. 5.4 (b) has a triangular cross sec-
tion (base: 1.6 nm, height: 1.2 nm), [111] as transport direction,
[1̄10] for y, and [112̄] for z. The six atomic layers composing a wire
slab (∆=0.9405 nm) contain 60 atoms so that the matrixM has a size
NM=600, but the OBCs eigenvalue problem has the order NEV P=160
(26.7% of NM ). The wire is composed of 24 slabs or 144 atomic lay-
ers. Its bandstructure is represented in Fig. 5.5 (b) for the infinite and
unbiased case. No electron subbands appear in the energy range com-
prised between 2.656 eV and 2.731 eV. Consequently, the transmission
must vanish for these energies, as seen in Fig. 5.6 (b), even when a bias
is applied to the device. The left reservoir keeps a constant potential
so that no transmission is possible between 2.656 eV and 2.731 eV.
Furthermore, the potential of the right contact increases by 0.1 eV or
0.2 eV leading to a second gap between 2.756 eV and 2.831 eV (bias:
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Figure 5.9: Electron density of states (DOS) for the same wire and
the same conditions as in Fig. 5.8. The results obtained with the new
method (solid lines) are compared to the results from the Sancho-
Rubio iterative algorithm[44] (dashed lines): the contribution to the
total DOS coming from the left contact (blue and red) and coming
from the right contact (green and yellow) are shown in the first device
slab (0≤ x ≤0.543 nm).

0.1 V) or 2.856 eV and 2.931 eV (bias: 0.2 V) where the transmission
also disappears, in agreement with the simulation results.

Figures 5.4, 5.5, and 5.6 (c) present results for a Si circular nanowire
(diameter of 1.7 nm) with [100] as transport direction [011] for y, and
[01̄1] for z. The device has 42 slabs (width ∆=0.543 nm, made up
of four atomic layers and 61 atoms). The size of the matrix M is
NM=610, but an eigenvalue problem with NEV P=290 must be solved
for the boundary conditions (47.5% of NM ). Its bandstructure and
electron transmission are similar to the Si rectangular wire, but with
a lower band gap due to the larger dimensions (2.26 nm2 instead of
1.44 nm2).

Its spectral and spatial density of states (DOS) for a bias of 0.2 V
is plotted in Fig. 5.10. In the upper subplot, the DOS contribution
coming from the left reservoir is shown for all the energies and posi-
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Figure 5.10: Electron spectral and spatial density of states (DOS) for
the Si circular wire in Fig. 5.4 with an applied bias of 0.2 V. (Up-
per) the contribution of the total DOS coming from the left reservoir.
(Lower) the contribution coming from the right reservoir.

tions along the wire. Strong interferences occur in the first plateau
situated between 0 and 5 nm. They are caused by reflections at the
linear potential barrier (from 5 nm to 17.5 nm). The existence of
different subbands around 1.83 eV, 2.07 eV, and 2.36 eV (visible in
the bandstructure) is characterized by an increase of the DOS. The
lower plot in Fig. 5.10 represents the DOS contribution coming from
the right contact. There is no DOS below E =2.008 eV because the
applied bias elevates the right conduction band edge to this energy.
The absence of reflection and inelastic scattering suppresses the inter-
ference effects.

A GaAs T-shape nanowire (height max: 2.2 nm, height min: 1.1
nm, width max: 1.9 nm, width min: 1.1 nm) is presented in Figs. 5.4,
5.5, and 5.6 (d): [100] is the transport direction, [010] y, and [001] z.
A slab is ∆=0.5653 nm wide and contains four atomic layers or 88
atoms (cations are dark, anions bright). Therefore, M is a 880×880
square matrix in the absence of spin-orbit coupling, and the eigenvalue
problem in Eq. (5.15) is of size NEV P=440 (50% of M). Although
GaAs is a direct band gap material, the nanowire bandstructure in
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Fig. 5.5 (d) has strong resemblance to the bulk branches situated
around the X-point in the three-dimensional Brillouin zone. Many
subbands have a local minimum at k � kmax, where E(k) is close to
the value at k=0. Thus they play an important role in the calculation
of the transmission T (E). For example, the minima of the first band
are situated at E(k = 0)=2.236 eV (global, corresponding to the first
turn-on in the electron transmission) and at E(k = 0.92)=2.378 eV
(local X-state causing the third, double-degenerate step in T (E)).

Figures 5.4, 5.5, and 5.6 (e) are devoted to a GaAs hexagonal
wire (height: 2.4 nm, max width: 2.4 nm, min width: 1 nm) whose
transport direction coincides with [110], y with [1̄10], and z with [001].
There are two atomic layers (77 atoms) per slab of width ∆=0.3997
nm and 4389 atoms in the nanowire. This is a special case because
the size of the matrix M involved in the OBCs calculation is the
same as the size of the reduced eigenvalue problem in Eq. (5.15):
NM = NEV P=770. This is due to the presence of only two atomic
layers per slab. Both are connected to the neighboring slabs and need
to be included in the matrix P defined in Eq. (5.11). All columns of P
will have at least one element different from zero. The bandstructure
and the electron transmission do not exhibit relevant features. A
larger cross section compared to the other nanowires presented in
this work tightens the electron subbands and the transmission grows
faster. With bias, a shift of the curves and a smoothing of the steps
are observed, but no additional effects.

The last GaAs nanowire of Figs. 5.4, 5.5, and 5.6 (f) has a rectan-
gular cross section (1.2 nm × 1.2 nm) and a special crystal orientation:
x is aligned with [113], y with [1̄10], and z with [332̄]. Therefore, a
wire slab (∆=1.8749 nm) contains 22 atomic layers and 140 atoms,
3.4 times more than the [100] Si rectangular wire in Fig. 5.4 (a) with
the same dimensions. The matrix M , with size NM=1400, can be
reduced according to Eq. (5.15) to NEV P=240, 17.1% of NM . Our
new OBCs method is particularly advantageous when a slab contains
many atomic layers.

The lowest electron subbands in Fig. 5.5 (f) have almost no dis-
persion. For example, the first subband starts at E(k = 0)=2.491 eV,
goes up to E(k = 0.5)=2.574 eV, and stops at E(k = kmax)=2.512 eV,
which represents a bandwidth of 0.083 eV, less than the shift caused
by a bias of 0.1 V. This is true for the second subband also. Thus,



92 CHAPTER 5. TRANSPORT MODEL

Figure 5.11: Superposition of an unstrained (black and gray atoms)
and of a strained (blue and red atoms) GaAs wire cross section. The
unstrained case corresponds to wire (e) in Fig. 5.4. An homogeneous
biaxial tension is applied in the strain case (εyy = εzz > 0).

when a bias of 0.1 V is applied to the nanowire, the transmission re-
mains constant at T (E)=0 instead of turning on at E=2.491+0.1 eV,
because the first subband in the left reservoir has already disappeared
and the first subband in the right contact does not see any states with
the same symmetry properties. This explains the noisy character of
the green and red lines in Fig. 5.6 (f).

For nanowires, strain induced by lattice mismatch or growth con-
ditions is significant and should not be omitted. Until now, perfect
structures were simulated, but the aim is to show that the approach
still works, if atoms are shifted from their original positions. For that
purpose, the hexagonal GaAs nanowire introduced in Fig. 5.4 (d) is
deformed. In Fig. 5.11, the original unstrained cross section (black
and gray atoms) is compared to its biaxially deformed counterpart
(blue and red atoms). The applied tension increases the cross section
while the width of a wire slab decreases proportionally to the resulting
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Figure 5.12: Electron transmission for the GaAs hexagonal wire in
Fig. 5.4 without strain (blue lines), with a biaxial tension εyy = εzz =
0.015, εxx = −0.0087 (red lines), and for a biaxial compression εyy =
εzz = −0.015, εxx = 0.0087 (green lines). (Upper) no bias. (Lower)
bias of 0.1 V.

compressive uniaxial strain in the transport direction[54].
The strain parameters used in the simulation are found in the

literature[52]. Si examples would be more meaningful, but according
to our knowledge, there are no published strain tight-binding param-
eters for this material that take both Harrison’s scaling rule and the
orthogonal character of the Löwdin’s orbitals into account[52]. The
calculated transmissions are shown in Fig. 5.12. The unstrained (blue
lines), tension (red lines), and compression (green lines) cases are com-
pared for a flat potential (upper plot) and for a bias of 0.1 V (lower
plot). The biaxial strain amounts to εyy = εzz = ±0.015, the uniaxial,
calculated using Van de Walle’s[54] value for D110, to εxx = ∓0.0087.
A compressive strain pushes the conduction band edge up, leading to
a turn-on of the first channel at a higher energy (E=2.0186 eV) than
without strain (E=1.989 eV). In the same way, a tensile strain pushes
the conduction band edge down, leading to a first channel turn-on at
E=1.9475 eV. Beginning with the turn-on of the second channel, the
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Figure 5.13: Electron transmission through the GaAs T-shape wire
in Fig. 5.4 for an applied bias of 0.2 V, calculated with (red dashed
line) and without (blue line) spin orbit coupling.

change of the effective mass due to strain compensates the lowering
(tension) or increase (compression) of the conduction band edge.

For all the transmission curves in Fig. 5.6, spin-orbit coupling has
been neglected, requiring ten atomic orbitals, one s, three p, five d,
and one excited s∗. Spin degeneracy could be added by multiplying
each curve by two for the spin up and the spin down contributions.
However, it is legitimate to wonder, if this simplification is justified or
not. First, spin-orbit coupling is more important for GaAs (∆SO=0.34
eV) than for Si (∆SO=0.044 eV). Also, its influence is stronger if a
non-uniform potential is applied to the nanowire. One compares in
Fig. 5.13 the electron transmission of the GaAs T-shape wire from
Fig. 5.4 (d) in the case of a 0.2 V bias with (red dashed line) and
without (blue line) spin-orbit coupling. The results match at low en-
ergies and slightly differ at higher energies indicating that the neglect
of spin-orbit coupling in Figs. 5.5, 5.6, 5.8, 5.9, and 5.12 is a good
approximation.
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5.3.2 Quantum Well and Mixed Contacts

The transmission coefficient T (E) as well as the density-of-states (DOS)
of an unbiased [100] 1.6×1.6×22.5 nm3 Si nanowire are shown in Fig.
5.14. Three different cases are presented: (a) the nanowire is coupled
to two ideal contacts. The DOS is constant all along the wire, T (E)
is a step-like function, each step corresponding exactly to an increase
of the DOS. (b) the Si nanowire is connected to two quantum well
reservoirs. The transmission coefficient exhibits strong interference
effects caused by the 2DEG-1DEG transitions. The ideal case (a)
forms a kind of upper limit that cannot be exceeded. The nanowire
(b) behaves like a resonant cavity delimited by two large areas, the
source and the drain. For example, the cavity eigenmode (obtained
from the DOS plot) at E=1.76 eV is symmetric, has two maxima,
one around x=5 nm and one around x=17 nm. At E=1.98 eV, a
mode with five maxima is observed, the three in the middle of the
wire being more important than the others. To confirm the resonant
cavity hypothesis, in (c), a nanowire with an ideal contact on the left
(x=0 nm) and a quantum well contact on the right (x=22.5 nm) is
constructed. The interference effects in the density-of-states and in
the transmission coefficient disappear, proving that they are due to
reflections at both ends of the nanowire.

5.3.3 Alloy Disorder

Alloy nanostructures such as AlGaAs nanowires represent a special
challenge. In effect, the details of disorder are known to be important
at the nanometer scale[53]. In this Section, this issue is addressed
by performing atomistic random-alloy calculations of the transport
characteristics of Al0.15Ga0.85As nanowires with different cross sec-
tion sizes. The sp3d5s∗ tight-binding parameters for GaAs and AlAs
are taken from Ref. [72]. The wire cross section is a square and its
transport direction x is aligned with [100]. The surface atoms in the
x− y and x− z planes are passivated[48] by increasing the dangling-
bond energy by 30 eV. The wires are specified in terms of zincblende
conventional unit cubes (side a0=0.56532 nm) as nx×ny ×nz, where
nα is the number of cubes in the α-direction. The wire unit cell corre-
sponding to a [100] square cross section is therefore a 1×ny ×nz slab
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Figure 5.14: Spatial-spectral density of states (left) and transmission
coefficient (right) of unbiased [100] 1.6×1.6×22.5 nm3 Si nanowires.
(a) with two ideal reservoirs, (b) with two quantum well reservoirs,
(c) with an ideal reservoir on the left (x=0 nm) and a quantum well
reservoir on the right (x=22.5 nm).
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Figure 5.15: Projection onto one atomic plane of a 3.4×3.4 nm2 [100]
Al0.15Ga0.85As nanowire slab (blue: Ga atoms, red: As atoms). The
Al atoms (green) are randomly distributed within the slab.

consisting of two pairs of anion-cation planes (four atomic planes).
The wires considered here have the dimension 40 × ny × nz.

To construct the Al0.15Ga0.85As nanowires, GaAs structures are
generated, for which 15% of the Ga atoms are replaced by Al atoms.
The position of the Al atoms within a slab is randomly chosen and
each slab is different. This means that both the local arrangement of
atom types and the exact mole fraction (15% Al overall) vary along
the wire. A 1× 6× 6 slab example is given in Fig. 5.15. 16 Ga atoms
(blue) are replaced by Al atoms (green). In this specific slab, there
are only 11.1% of Al atoms so that other slabs will have more than
15% of Al atoms.

In the transport calculation, the semi-infinite emitter (collector)
region is identical to the first (last) slab of the nanowire. Open bound-
ary conditions are obtained as described in Section 5.2. The ran-
dom alloy calculations are presented in Fig. 5.16 for a 40 × 6 × 6
(22.5×3.4×3.4 nm3, 11520 atoms), a 40 × 8 × 8 (22.5×4.5×4.5 nm3,
20480 atoms), a 40×10×10 (22.5×5.7×5.7 nm3, 32000 atoms), and a
40×12×12 (22.5×6.8×6.8 nm3, 46080 atoms) Al0.15Ga0.85As nanowire
(blue lines). The randomness in the Al atom distribution implies that
propagating modes in the nanowire differ from slab to slab and that a
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Figure 5.16: Transmission through 22.5 nm long Al0.15Ga0.85As
nanowires (40 slabs in the transport direction). Blue lines stand for
random disorder of Al atoms, green lines for nanowires made out of 40
identically disordered slabs, and the red line corresponds to the virtual
crystal approximation. (a) 3.4×3.4 nm2 cross section (11520 atoms),
(b) 4.5×4.5 nm2 (20480 atoms), (c) 5.7×5.7 nm2 (32000 atoms), and
(d) 6.8×6.8 nm2 (46080 atoms).

step-like function of energy cannot be expected for the transmission.
To demonstrate further that the randomness along the device is

responsible for the noisy transmission behavior described above, the
transmission coefficients of ordered Al0.15Ga0.85As with 40 identical
slabs are also calculated (green lines in Fig. 5.16). In the absence
of slab variations the transmission behavior is characterized by the
smooth plateaus found in pure and unbiased GaAs or Si nanowires in
Fig. 5.6.

A simplified approach to treat alloy nanostructures is the so-called
virtual crystal approximation (VCA). In the VCA calculation, the
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cations are all fictitious Al0.15Ga0.85 pseudo-atoms and all on-site
and nearest-neighbor parameters are weighted averages of those for
AlAs and GaAs. An example is given in Fig. 5.16 (red line). The
VCA transmission shows noiseless, step-like turn-ons of channels and
it overestimates the random alloy band gap[73]. This is a severe short-
coming because the transmission at the lowest energies profoundly af-
fects the transport properties of nanowires. Further details about the
electronic structure and the transmission characteristics of disordered
AlGaAs nanowires can be found in Refs. [74, 75].

5.4 Discussion

In Section 5.2 it was stated that the new approach to calculate open
boundary conditions (OBCs) is more efficient than other methods
found in the literature[44, 64, 65, 68, 70, 76, 77]. To support this claim,
other available methods are classified into three categories: first, there
are the solutions that do not work for nanowires because they re-
quire the inversion of singular matrices to generate a generalized[76]
or a normal[70] eigenvalue problem whose size is in any case larger
than Eq. (5.15). Secondly, the transformation of Eq. (5.6) to a com-
plex non-hermitian (if spin-obit coupling is included) or real non-
symmetric (without spin-orbit coupling) generalized eigenvalue prob-
lem (GEVP) as in Eq. (5.7) is very popular[64, 65, 68, 77], since it
can be coupled to Wave Function[64] or to Non-equilibrium Green’s
Function (NEGF)[65] transport solvers. Nevertheless, if a nanowire
slab contains N atoms and tb is the tight-binding order, the size of
the GEVP amounts to NGEV P = 2tbN , a considerable number in
the case of large cross sections and transport directions different from
[100]. LAPACK[78] functions can be used to solve Eq. (5.7). Finally,
the third category includes the OBCs calculation with an iterative
algorithm[44]. In this case, very dense or even full matrices of size
NM = tbN must be inverted 20 to 40 times to reach convergence.
This approach works only to obtain the boundary self-energies in the
NEGF formalism.

In Table 5.2, the computational time for the generalized eigen-
value problem, the iterative scheme (labeled “Sancho-Rubio”), and
the new method are reported, as well as the speed-up factor achieved.
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All methods have been implemented in MATLAB[79] because it au-
tomatically calls LAPACK routines to solve the eigenvalue problems
and to invert matrices. Although the CPU times would be faster if
the codes were written in C++, a relative comparison of the different
methods makes sense in MATLAB, too. The benchmark examples
are run on the same hardware platform. The CPU times in Table 5.2
(three last lines) refer to the OBCs calculation of one single contact
at one given injection energy, without spin-orbit coupling (real EVP),
and where the simplification depicted in Fig. 5.2 is not applied. Note
that the computational burden in the iterative algorithm case depends
on the injection energy and could be, therefore, more important than
what is given in Table 5.2. The methods based on eigenvalue prob-
lems require the same effort for all the energies and among them our
approach is always the most efficient with a OBCs computational time
at least one order of magnitude below the others.

For transport directions such as [111] or [113], the improvement is
larger because a wire slab contains many atomic layers that can be
disregarded in the OBCs calculation (see the line labeled “% of normal
size” that indicates what part of matrix M is effectively considered
in the reduced EVP). Even for the less advantageous case where x is
aligned with [110] (only two atomic layers per slab), Eq. (5.15) is the
most appropriate solution. Rivas et al. mentioned[65] that the GEVP
approach is more efficient than iterative methods[44] since it does
not involve repetitive calculations. This is confirmed by the results
(a factor 1.5-4), except when x coincides with [113] where GEVP is
slower.

After the OBCs are calculated with Eq. (5.15), it is possible to
couple them either to the linear system of equations (5.17) or to
transform them to self-energies with Eq. (5.25) in order to simulate
transport. In the Wave Function approach, one proceeds to a LU
factorization of Eq. (5.17), because it can be done in parallel[80] on
several CPUs. More sophisticated linear solvers such as SPIKE[81]
could be used for that purpose. In the NEGF formalism one utilizes a
recursive algorithm[14, 23] that is slower than the LU factorization of
Eq. (5.17), even on one single CPU, since it requires the inversion of
NS (number of wire slabs) matrices of size NM = tbN . However, the
Green’s function method facilitates the inclusion of inelastic scatter-
ing. To improve both the Wave Function and NEGF approaches one
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can reduce the bandwidth of the tight-binding Hamiltonian matrix.
All the elements Dii, Tii+1, and Tii−1 are expressed in a slab basis,
but there is no restriction to change it and to use an atomic layer
basis, as for the boundary conditions. The block matrices that must
be inverted in the NEGF recursive algorithms become smaller and the
LU factorization works better.

5.5 Summary

This Chapter presented simulation approaches for nanowires with two-
dimensional confinement. At the atomic scale, bandstructure effects
play an important role and must be treated carefully. One has de-
veloped a quantum transport simulator based on the sp3d5s∗ semi-
empirical tight-binding method in order to improve the understanding
of the electrical behavior of such structures. Since the calculation of
the open boundary conditions causes a significant part of the compu-
tational burden, a new method involving the solution of a complex
non-hermitian or real non-symmetric eigenvalue problem is proposed.
It works for Si, GaAs, or for any other material, for different cross
sections and crystal orientations, for disordered nanowires, when a
bias is applied or not, when the structure is deformed by strain, and
when non-ideal contacts are used. A factor 10 to 100 compared to
the other available methods could be gained in the evaluation of the
OBCs, enabling the treatment of larger and more complicated struc-
tures. The coupling of the new approach to a Wave Function and to
a NEGF quantum transport solver has also been presented.



Chapter 6

Self-Consistent
Simulations

6.1 Introduction

In this Chapter the room temperature IV-characteristics of Si triple-
gate nanowire field-effect transistors (FET) are simulated for differ-
ent channel orientations such as [100], [110], [111], and [112]. The
full-band (FB) properties of Si are taken into account via the semi-
empirical nearest-neighbor sp3d5s∗ tight-binding method. The three-
dimensional (3D) electrostatic potential (Poisson’s equation) is solved
self-consistently with the device charge density. Previous ’top-of-the-
barrier’ approaches[82] considered a one-dimensional electrostatic po-
tential only and semi-classical transport, but they gave a good insight
into the device IV-characteristics. However, their application is re-
stricted to the ballistic transport of perfect atomic structures (no spa-
tial variation of the nanowire cross section), whose energy dispersion
relation (E−k) can be calculated. Our simulator furthermore includes
short channel effects such as drain induced barrier lowering, tunneling
through the barrier, lateral potential variation, and allows to treat Si-
SiO2 interface roughness at the nanowire surface. Energy relaxation
of the atom positions is out of the scope of this work. To emphasize
the importance of full-band simulations, the IV-characteristics of a

103
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[100] channel-oriented wire are compared to effective mass (EM) cal-
culations obtained by the three-dimensional coupled mode-space Non-
Equilibrium Green’s Function (NEGF) solver presented in Chapter 3.

6.2 Theory

The multi-band quantum transport simulator presented in Chapter
5 is coupled to a three-dimensional Poisson solver using an iterative
Newton scheme. To describe the nanowire structures, the same con-
ventions as in Fig. 5.1 are used. The transport direction x determines
the channel orientation, y and z are directions of confinement. Each
nanowire can be divided into slabs (wire unit cell) of width ∆. The
slabs are made out of atomic layers (all the atoms with the same x
coordinate), whose number is related to the transport direction (4 for
[100], 2 for [110], 6 for [111], and 6 for [112]). In the ’top-of-the-barrier’
approach all the slabs are identical, but computing a 3D electrostatic
potential allows for the number of atoms per slab and the shape of a
slab to vary along the nanowire channel.

Due to the very localized character of the Löwdin orbital functions
φσ(r− ri) used in the tight-binding method, the electron charge n(r)
(holes are not considered in the simulations) and the current J(r)
densities are represented by δ-functions centered around the atom
positions ri (see the justification in Section 5.2.1)

n(r, t) =
∑
i

niδ(r− ri), (6.1)

J(r, t) =
∑
i,j

Iij(rj − ri)δ(r− ri). (6.2)

Bold letters denote vectors, ni is the number of electrons at ri, Iij is
the current flowing from one atom situated at ri to its nearest neighbor
at rj (in principle four different j per i) along the bond connecting
them.

To prove the ansatz (6.1) and (6.2), the definitions of n(r, t) and
J(r, t) in Eqs. (2.60) and (2.65), as well as the 3D tight-binding
expression of the Green’s function in Eq. (2.35) are recalled. For
simplicity, the orbital type index σ and the position indices xi, yj ,
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and zk are put into a single index i. This gives

n(r) = −i�
∑
i1,i2

G<
i1i2
φi1(r− ri1)φ∗i2(r− ri2)

≈ −i�
∑
i1

G<
i1i1

|φi1(r− ri1)|2

≈ −i�
∑
i1

G<
i1i1
δ(r− ri1) (6.3)

for the carrier density. Eq. (6.3) corresponds to Eq. (5.19) rewritten
in the NEGF formalism. For the current density one obtains

J(r) = e�
2

2m0

∑
i1i2

G<
i1i2

lim
r′→r

(∇r′ −∇r)φi1(r− ri1)φ∗i2(r′ − ri2)

= ie�

2m0

∑
i1i2

G<
i1i2

lim
r′→r

(p′ − p)φi1(r− ri1)φ∗i2(r′ − ri2)

= e
2

∑
i1i2

G<
i1i2

lim
r′→r

([H0, r] − [H0, r′])φi1(r− ri1)φ∗i2(r′ − ri2)

≈ e
2

∑
i1i2

(ri2 − ri1)
(
Hi1i2G

<
i2i1

−G<
i1i2
Hi2i1

) |φi1(r− ri1)|2
≈∑

i1

∑
i2

e

2
(
Hi1i2G

<
i2i1

−G<
i1i2
Hi2i1

)
︸ ︷︷ ︸

Ii1i2

(ri2 − ri1)δ(r− ri1).

(6.4)
The time-dependence of the different variables is omitted for brevity.
The transition from the third to the fourth step in Eq. (6.4) is accom-
plished by multiplying the equality with the following unity operators∫

dr1 δ(r− r1) =
∫

dr1
∑
n

φn(r− rn)φ∗n(r1 − rn)

∫
dr2 δ(r′ − r2) =

∫
dr2
∑
n

φn(r2 − rn)φ∗n(r′ − rn) (6.5)

resulting from the orthogonality and the completeness of the tight-
binding basis. The matrix elements Hi1i2 , defined as in the Slater-
Koster table[32], represent the coupling between an orbital of type σ1
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situated on an atom at {xi1yj1zk1} and an orbital of type σ2 on an
atom at {xi2yj2zk2}. In the nearest-neighbor approximation one atom
is connected to the maximum of four other atoms. Thus (ri2 − ri1)
in Eq. (6.4) is nothing else than the bond vectors bαi introduced in
Chapter 4.

In the ballistic regime or in the absence of inelastic scattering the
steady-state current density is often calculated with the Landauer-
Büttiker formalism[69] which does not allow to check current conti-
nuity, as mentioned in Chapter 3. In Eq. (6.4) it is also very diffi-
cult to see, if the current is correctly evaluated or not, because only
atomic contributions are present. However, the slab structure of the
nanowires and the assumption that the current flows between two con-
tacts only, the source and the drain, enable another approach. The
steady-state current Id(xn) flowing through the slab n can be com-
puted by integrating the x-component of the current density J(r) over
the cross section of the slab n. This is equivalent to integrate Jx(r)
over the volume V of the slab n and to divide the result by the slab
width ∆

Id(xn) =
1
∆

∫
Slab n

dV Jx(r). (6.6)

If Eq. (6.4) is inserted into Eq. (6.6) and if the steady-state, energy-
dependent form of the Green’s functions is used, the following expres-
sion is found for Id(xn)

Id(xn) =
e

�

∫
dE
2π

tr
(
Hnn+1G<

n+1n(E) −G<
nn+1(E)Hn+1n

)
. (6.7)

The matrix Hnn+1 (Hn+1n) couples the slab n (n + 1) to the slab
n+ 1 (n). If there are Nn atoms in the slab n and Nn+1 atoms in the
slab n+1, the size of Hnn+1 and of G<

nn+1 is (Nntb)× (Nn+1tb). The
parameter tb, as usual, is the tight-binding order. In Appendix C a
transformation is proposed to express the Green’s function G<

nn+1(E)
in the Wave Function formalism.

With Eq. (6.7) it can be verified whether the current Id(xn) in
the slab n and the current Id(xn+1) in the slab n + 1 are equal for
all the n’s. If this condition is not satisfied, the calculations are not
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correct and the presence of a mistake in the simulator implementation
is clearly indicated.

To solve the three-dimensional Poisson equation in the nanowire
FETs without loosing the δ-character of the carrier density, the finite
element method (FEM) is chosen[83, 84]. A Delaunay grid is con-
structed with the property that no atom is contained in the volume of
any tetrahedron mesh element. The atom positions are given as input
parameter to the Qhull mesh generator[85], which use them as fixed
nodes. The δ-functions thus disappear when the electron density n(r)
is integrated with the FEM test functions.

The SiO2 oxide layers do not participate to the transport calcula-
tion (only poor tight-binding representation available), but they are
included in the 3D electrostatic potential solved in the Poisson equa-
tion. Consequently, the oxide grid points carry no charge and hard
wall boundary conditions are applied to the Si surface atoms. This
means that the Si dangling bonds are passivated by increasing the
on-site energies of the s- and p-orbitals[48].

The nanowire roughness effects are generated by randomly dis-
tributing the atoms at the Si-SiO2 interface according to an exponen-
tial autocovariance function Γs(x)[86]

Γs(x) = ∆2
m · e−|x|/Lm (6.8)

where ∆m is the root mean square of the Si rough surface s(r), x is
the distance between two Si atoms at the Si-SiO2 interface, and Lm

is the correlation length of the roughness. Note that the
√

2 factor
present in Ref. [86] is absent in Eq. (6.8).

To construct s(r), the positions ri of the Si atoms at the nanowire
surface are selected. Each nanowire face is treated independently.
It is assumed that s(r) is a stationary Gaussian process so that the
specification of its autocorrelation function in Eq. (6.8) completely
defines its probability density function (p. d. f.)[87]. If a nanowire
face has N atoms, the p. d. f. of its variations is given by

p(s(r1), · · · , s(rN)) =
1

(2π)N/2|C|1/2 exp[−1
2
STC−1S]. (6.9)

The N×1 vector S = (s(r1), · · · , s(rN))T contains the variation of the
surface at each atom position ri. The elements Cij of the symmetric
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matrix C represent the correlation between s(ri) and s(rj)

Cij = 〈s(ri)(s(rj)〉 = ∆2
m · e−|ri−rj|/Lm . (6.10)

Since all the variables in Eq. (6.9) are coupled, it is not obvious to
find a realization of S without a basis change. For that purpose the
eigenvalues (diagonal ofD) and the eigenvectors (V) of the correlation
matrix C = V ·D·VT are calculated, the vector S = V ·S̃ is expressed
in a new basis, and a simplified p. d. f. is obtained

p(s̃(r1), · · · , s̃(rN)) =
1

(2π)N/2|D|1/2 exp[−1
2
S̃TD−1S̃]

=
N∏
i=1

1√
2πσi

exp[− s̃
2(ri)
2σ2

i

], (6.11)

where the elements Dii = σ2
i of the diagonal matrix D correspond

to the variance of each variable s̃(ri). S̃ is realized with a random
number generator and it is transformed back to the original basis
S. Finally, for a given nanowire face, the variation of the surface is
studied at each Si atom position ri. If s(ri) is positive and larger
than the distance between two atoms, new atoms are added to the
structure. In the case of a negative s(ri), but with an absolute value
larger than the distance between two atoms, atoms are removed from
the structure.

6.3 Results

The upper part of Fig. 6.1 shows the schematic view of a triple-gate
nanowire transistor of length Ls + Lg + Ld ≈ 32 nm, composed of
n-doped source and drain contacts (ND=1020 cm−3, stoichiometric
ratio f=2×10−3 of fully ionized donors) and a three-part gate (top,
left, and right). The transistor is deposed on a buried oxide and is
surrounded by three oxide layers of thickness tox=1 nm. The source,
the drain, and the gate measure Ls=10 nm, Ld=10nm, and Lg=12
nm, respectively. x is the transport direction, y and z are directions
of confinement. The cross section of the nanotransistor (neglecting
the buried oxide) has a size Ly=4.1 nm times Lz=3.1 nm. Two cross



6.3. RESULTS 109

L
z
 

V
s 

S
i

S
iO

2

S
o
u

rc
e 

V
g
 G

a
te

 

D
ra

in
V

d
 

B
u

ri
ed

 O
x
id

e 

L
s 

L
g
 

L
d
 

x
 y

 
z

L
z
 

L
y
 

L
y
 t o

x
 

t o
x
 

t o
x
 

t o
x
 

t o
x
 

t o
x
 

L
z
 

L
y

 

F
ig

ur
e

6.
1:

Sc
he

m
at

ic
vi

ew
of

a
tr

ip
le

-g
at

e
Si

na
no

w
ir

e
tr

an
si

st
or



110 CHAPTER 6. SELF-CONSISTENT SIMULATIONS

sections corresponding to different channel orientations are given in
the lower part of the figure. In the left subplot, x is aligned with [100]
and in the right subplot with [110]. Points represent Si atoms while
lines model atomic bonds. The SiO2 layers are not described in the
tight-binding formalism. The nanowire channel (only Si atoms) is a
2.1 nm x 2.1 nm square. A potential Vg is applied to the gate (work
function φm=4.25 eV), Vs=0 V to the source and Vd to the drain.

Channel orientations along [100], [110], [111], and [112] are consid-
ered. The resulting nanowires contain about 7300 atoms. The [100]
channel is composed of 60 slabs of width ∆=0.543 nm (transistor
length=60×∆=32.6 nm), each slab has 4 atomic layers and is made
out of 128 atoms. For the [110] channel, 84 slabs of width ∆=0.384
nm are counted, each of them with 2 atomic layers and 88 atoms. The
[111] channel contains 34 slabs (∆=0.941 nm) with 6 atomic layers
(210 atoms) per slab. Finally 49 slabs (∆= 0.665 nm) are present in
the [112] wire, each of them has 6 atomic layers and 154 atoms.

On the left side of Fig. 6.2, the FB (solid lines) and the EM (dashed
lines) Id−Vds current characteristics at three different Vgs (0.5 V, 0.55
V, and 0.6 V) are compared for a wire with a [100]-oriented channel.
Due to the absence of non-parabolicity effects in the EM case, current
channels turn on more slowly than in the FB case. This can be seen
in Fig. 6.3, where the total transmission coefficient T (E) from source
to drain is plotted for Vgs=Vds=0.4 V. The first four channels of the
FB transmission (blue line) appear earlier and increase faster than
in EM calculation (green line). Consequently, the drain current Id is
underestimated by about 15% in the EM case.

On the right-hand side of Fig. 6.2, one simulates the 3D full-band
Id − Vgs (Vds=0.4 V) transfer characteristics of the nanodevices with
[100] (blue line), [110] (red line), [111] (green line), and [112] (orange
line) channel orientations. The comparison is done for the same gate
metal work function φm=4.25 eV. This means that φm is not adjusted
to obtain the same OFF-current (IOFF = Id at Vgs=0 V and Vds=0.4
V) as done in Ref. [82].

The transistor ON-current ION is reached when the gate-controlled
potential barrier that blocks the source to drain channel disappears.
This is the case, for example, at Vgs=0.7 V in the right subplot of
Fig. 6.2. It is normally expected that at Vgs=Vds, the drain current Id
is already above threshold. Obviously, Id at Vgs=0.4 V lies in the sub-
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Figure 6.2: Output and transfer characteristics of triple-gate nanowire
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at three different Vgs , obtained with full band (FB, solid lines) and
with the effective mass approximation (EM, dashed lines). The right
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Channel [110] [100] [112] [111]
ION [µA] 7.7 4.3 2.9 1.2

Table 6.1: ON-Current ION=Id at Vgs=0.7 V and Vds=0.4 V for the
Si nanowire transistors described above.

threshold region since the threshold voltage Vth is situated between
Vgs =0.45 V and Vgs =0.5 V, depending on the channel orientation.
However, the choice of another gate material with a lower work func-
tion (n-doped poly-silicon gates have a work function φm=4.05 eV)
will decrease Vth.

As predicted by the ’top-of-the-barrier’ approach[82], the channel
orientation [110] (red line) offers the highest ON-current ION taken at
Vgs=0.7 V and Vds=0.4 V, 1.8 times higher than [100] (blue line), 2.6
times higher than [112] (orange line) and 6.5 times higher than [111]
(green line). The values are summarized in Table 6.1. The prominence
of the [110] channel is a consequence of the compromise between the
electron velocity (proportional to the inverse of the effective mass)
and the number of available states (proportional to the effective mass)
that is reached by the lowest conduction subbands of the [110] wire.
The lowest [111] conduction subbands, for example, have too heavy
electrons that cannot flow efficiently from source to drain. The sub-
threshold swing S of the four nanowires is very close to its ideal value
of S=60 mV/decade (less than 1% difference).

Nanowires with a perfect crystal structure and a well-defined Si-
SiO2 interface will probably never be grown. The inclusion of the 3D
electrostatic potential makes it possible to simulate wires with a cross
section (or slab contour) that varies from source to drain[88, 89]. The
example of a non-ideal wire slab (channel orientation x=[100]), taken
under the gate at the slab position 35 over 60, is given in Fig. 6.4.
The atom positions in the middle of the slab are all occupied. At
the Si-SiO2 boundary some atoms are randomly removed others are
added to form a rough interface. Therefore, slab 35 includes 123 atoms
instead of 128 as in the ideal case in Fig. 6.1. As a first approximation
the root mean square of the Si rough surface ∆m=0.14 nm and the
correlation length Lm=0.7 nm are the same for all the surface types
([100], [110], [111], and [112]).
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Since all the nanowire slabs are different, it is not possible to first
construct a two-dimensional mesh with triangle elements on each slab
and then to interpolate between the slab meshes to obtain tetrahedra.
A full 3D FEM mesh, as projected in Fig. 6.4, must be generated to
calculate the electrostatic potential V (r). The mesh elements are finer
around the atoms than in the oxide layers, where V (r) varies linearly
due to the absence of charge (the second derivative of V (r) vanishes).

In Fig. 6.5, the full-band Id − Vgs (Vds=0.4 V) transfer charac-
teristics of a [100] (blue lines) and a [110] (red lines) structure with
interface roughness (dashed lines) are compared to the results of ideal
structures (solid lines). For the simulated realizations of the random
Si-SiO2 interface, the [100] drain current Id at Vgs=0.4 V is reduced
to about 30% of its ideal value, the [110] drain current at Vgs=0.4 to
65% of the ideal Id. The drain current in the sub-threshold region is
seriously deteriorated by the variation of the nanowire cross section.
This is due to a mobility decrease caused by interface roughness scat-
tering. At the same time, the oxide thickness tox is modulated, leading
to a shift of the threshold voltage Vth, but the swing S remains close
to S=60 mV/decade (the current is controlled by the barrier height).
Such non-ideal effects could not be observed with a ’top-of-the-barrier’
approach[82].

However, another random distribution of the interface atoms leads
to a different transfer characteristics Id−Vgs. Since the sub-threshold
swing S is not much affected by the interface roughness, several Id
samples can be calculated at a fixed Vgs and the variations of the
threshold voltage Vth is extrapolated from the results. For each chan-
nel orientation, 105 different Si-SiO2 interface realizations are simu-
lated, the mean drain current Ĩd is calculated, and the variation of
Vth is obtained for each sample Id as

∆Vth = S · log10

(
Ĩd/Id

)
. (6.12)

The histogram distributions of ∆Vth are shown in Fig. 6.6 for the [110]
(red bars), the [100] (blue bars), the [111] (green bars), and the [112]
(orange bars) nanowires. The standard deviation σ of ∆Vth is also
given for each channel configuration.

To design a circuit, all the involved transistors should have the
same characteristics although they have slightly different structures.
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Figure 6.4: Projection of the slab number 35 of the [100] nanowire
transistor with interface roughness. Bullets are Si atoms, lines repre-
sent the projection of the three-dimensional Delaunay finite element
(FEM) mesh used to compute the self-consistent electrostatic poten-
tial.
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Hence the standard deviation of ∆Vth should be as small as possible.
The lowest value of σ is obtained for a channel oriented along the [110]
crystal axis (σ=9.8 [mV]). [100] follows with σ=13.8 [mV], then [112]
(σ=16.8 [mV]), and [111] (σ=24.8 [mV]). [110] is definitively the best
channel orientation because it has the highest ON-current and it is
the least sensitive to structure variations.

All the Id samples calculated to generate the histograms in Fig. 6.6
must fulfill current continuity. This very important property in the
simulation of ballistic transistors should not be altered by interface
roughness. To demonstrate its validity the current Id flowing from
one nanowire slab to the other is reported in Fig. 6.7 for Vds=0.4 V
and for different Vgs. Id(xn) is calculated in a non-ideal [100] nanowire
with Eq. (6.7). Although the nanowire transistor is composed of slabs
with different shapes and with a different number of atoms, the current
is conserved in our approach.

Finally, Fig. 6.8 shows how interface roughness affects the elec-
tron distribution in the [100] transistor. Because of the δ-character of
the electron density n(r), only the total number of electrons in each
wire slab can be plotted. The number of electrons per slab with in-
terface roughness depends on three different effects: the electrostatic
potential, the confinement of the y and z directions, and the conduc-
tion band edge lowering or increase caused by the modifications of
the slab shapes (red line in Fig. 6.8). For example, in the slab 27,
the conduction band edge is lowered by the roughness so that more
electrons are present in the non-ideal structure (blue line) than in the
ideal one (dashed green line). In the slab 33, the contrary effect oc-
curs. As a consequence of the conduction band increase, a reduction
of the electron population is observed.

6.4 Summary

In this Chapter, full-band simulations of ballistic Si nanowire transis-
tors with different channel orientations were presented. The electron
and the current densities are calculated either with NEGF, introduced
in Chapter 2 or with the Wave Function formalism. In both cases the
semi-empirical sp3d5s∗ tight-binding method, summarized in Chapter
4, is included in the transport calculation via the approach described
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in Chapter 5. The results are obtained by self-consistently coupling
the calculation of the three-dimensional electrostatic potential in the
device and of the induced charge density. New effects such as Si-SiO2

interface roughness are then studied on an atomic scale.
The full-band current characteristics of a Si nanowire transistor

whose channel is aligned with [100] are first compared to results ob-
tained with the effective mass approximation, presented in Chapter
3, and then to the characteristics of Si nanowires with other channel
orientations ([110], [111], and [112], all with full-band). It is con-
cluded that the effective mass current is underestimated due to the
absence of non-parabolicity effects and that [110] is the most favorable
channel orientation in Si nanowire. In effect, it provides the highest
ON-current and it is less affected by deformations of the atomic struc-
ture. This should be confirmed by comparison with measurement.



Chapter 7

Conclusion and Outlook

In this thesis, a full-band formalism was developed to simulate nano-
wire transistors at the atomic scale, including a new procedure to cal-
culate the open boundary conditions. It was then applied to aggres-
sively scaled triple-gate FETs with different channel orientations. De-
spite the promising results obtained with the current simulator, some
physical issues should be further investigated for future improvement.

In the nanowire structures described in Chapter 6, the doping
concentration is equally distributed in the source and drain regions.
However it would be more meaningful to treat each doping atom indi-
vidually and to carefully describe them in the transport calculation.
Accurate tight-binding parameters are required for that purpose. This
concerns also the SiO2 oxide layers that appears only in the calcula-
tion of the electrostatic potential. In this way, no electron penetration
in the oxide is allowed and the surface Si atoms are artificially passi-
vated. Furthermore, gate leakage currents, which are a performance
limiting factor for very thin oxide layers, cannot be taken into account.
As a consequence, the OFF-current of the transistors is not correctly
modeled.

When the nanowire cross sections are small, as in our examples,
the surface atoms relax from their “equilibrium” position in order to
minimize the total energy of the system. This is particularly true
when single atoms are added or removed at the surface. These effects
are not considered in this work, but they are certainly important,
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especially in the case of an atomic description of SiO2.
Scattering mechanisms may play a considerable role in nanowires

transistor, but they are not treated in this work, with the exception of
alloy disorder and interface roughness. Both of them can be directly
included in the Hamiltonian matrix, which is not the case for inelastic
interactions such as electron-optical phonon scattering. This compli-
cated effect must be probably included via self-energies as described
in Chapter 2. The use of confined phonons instead of bulk phonons
becomes necessary at the atomic scale.

The full-band simulator presented in this thesis has also the ca-
pability of treating mechanical strain and other materials than Si
(GaAs, Ge, InAs, ...). However, it is limited by the dimension of
the nanowire cross section and its inherent computational burden.
Each injection energy requires the solution of two eigenvalue prob-
lems for the open boundary conditions and of one linear system for
the transport through the nanowire. These tasks can be distributed
on parallel CPUs, each of them working on a different energy point,
but for large cross sections, due to memory restriction, a group of
CPUs has to be dedicated to one single energy. If a computer cluster
with several hundreds of CPUs is available, it is possible to simulate
any transistor structure. On the other hand, as the cross section of
the structure grows, the effective mass approximation becomes more
and more accurate and requires much less computational power. The
user will have to determine which method is the more indicated for
his application.



Appendix A

Interaction
Representation

The Non-Equilibrium Green’s Functions are defined in the Heisenberg
picture. However, a representation in the interaction picture gives a
better insight into their time evolution. In this Appendix we present
the different pictures in which operators and wave functions can be
expressed. The system under consideration is governed by a time-
independent Hamilton operator Ĥ = Ĥ0 + V̂ . The eigenvalues and
eigenvectors of Ĥ0 are known, V̂ is a perturbation .

A.1 Schrödinger Picture

In the Schrödinger picture, the operators ÔS are time-independent.
The time-dependence is contained in the wave functions |ΨS(t)〉, ob-
tained in the Schrödinger equation

i�
d
dt

|ΨS(t)〉 = Ĥ|ΨS(t)〉 (A.1)

with the formal solution

|ΨS(t)〉 = e−iĤ(t−t0)/�|ΨS(t0)〉 = e−iĤ(t−t0)/�|Ψ0〉, (A.2)

describing the time evolution of the initial state |Ψ0〉 from t0 to t.
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A.2 Heisenberg Picture

In the Heisenberg representation, the operators are time-dependent,
but not the wave functions, given by

|ΨH(t)〉 = eiĤ(t−t0)/�|ΨS(t)〉 (A.3)
= |ΨH(t0)〉 = |Ψ0〉

because

d
dt

|ΨH(t)〉 =
i

�
ĤeiĤ(t−t0)/�|ΨS(t)〉 + eiĤ(t−t0)/�

d
dt

|ΨS(t)〉 = 0.(A.4)

The expectation value of an operator given in the Schrödinger or in
the Heisenberg pictures must be identical, i.e.

〈ΨS(t)|ÔS |ΨS(t)〉 = 〈ΨH |ÔH(t)|ΨH〉, (A.5)

so that ÔH(t) has the following form

ÔH(t) = eiĤ(t−t0)/�ÔSe
−iĤ(t−t0)/�. (A.6)

The time evolution of ÔH(t) obeys the Heisenberg equation of motion

i�
d
dt
ÔH(t) = [ÔH(t), Ĥ] = [ÔH(t), ĤH(t)]. (A.7)

A.3 Interaction Picture

Both the wave functions and the operators are time-dependent in the
interaction picture. This is achieved by considering V̂ , the interaction
part of Ĥ, as a perturbation. One then defines |ΨI(t)〉 as

|ΨI(t)〉 = eiĤ0(t−t0)/�|ΨS(t)〉 (A.8)

= eiĤ0(t−t0)/�e−iĤ(t−t0)/�|Ψ0〉
= ÛI(t, t0)|Ψ0〉

and with the same argument as before, one obtains for the operators

ÔI(t) = eiĤ0(t−t0)/�ÔSe
−iĤ0(t−t0)/�. (A.9)
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ÔI(t) is the solution of the following equation of motion

i�
d
dt
ÔI(t) = [ÔI(t), Ĥ0], (A.10)

while |ΨI(t)〉 is given by

i�
d
dt

|ΨI(t)〉 = V̂I(t)|ΨI(t)〉. (A.11)

The time evolution operator ÛI(t, t0) = eiĤ0(t−t0)/�e−iĤ(t−t0)/� (with
ÛI(t0, t0) = 1) is the key element to change the picture representation
of an operator to another. From Eq. (A.11), one finds

i�
d
dt
ÛI(t, t0) = V̂I(t)ÛI(t, t0). (A.12)

Integrating both sides of the equation with respect to time t yields,

ÛI(t, t0) − ÛI(t0, t0) = − i
�

∫ t

t0

dt1V̂I(t1)ÛI(t1, t0) (A.13)

or

ÛI(t, t0) = 1 − i

�

∫ t

t0

dt1V̂I(t1)ÛI(t1, t0). (A.14)

If this equation is repeatedly iterated, one obtains

ÛI(t, t0) =
∞∑
n=0

(−i
�

)n ∫ t

t0

dt1 · · ·
∫ tn−1

t0

dtnV̂I(t1) · · · V̂I(tn)

=
∞∑
n=0

(−i
�

)n ∫ t

t0

dt1 · · ·
∫ t

t0

dtnT c
{
V̂I(t1) · · · V̂I(tn)

}

= T c{exp
(
− i

�

∫ t

0

dt1V̂I(t1)
)
}. (A.15)

The chronological time-ordering operator T c always moves the oper-
ators with the earlier time argument to the right. For example

T c
{
Â(t)B̂(t′)

}
= θ(t− t′)Â(t)B̂(t′) + θ(t′ − t)B̂(t′)Â(t). (A.16)
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If Â and B̂ are Fermion operators, each time they are interchanged,
their product is multiplied by a negative sign. For the inverse operator
Û†
I (t0, t), the following equation has to be considered

−i� d
dt
Û†
I (t0, t) = Û†

I (t0, t)V̂I(t) (A.17)

with the solution

Û†
I (t0, t) =

∞∑
n=0

(
i/�

n!

)n ∫ t

t0

dt1 · · ·
∫ t

t0

dtnT a{V̂I(t1) · · · V̂I(tn)}

= T a{exp
(
i

�

∫ t

t0

dt1V̂I(t1)
)
}. (A.18)

T a represents the antichronological time-ordering operator

T a
{
Â(t)B̂(t′)

}
= θ(t− t′)B̂(t′)Â(t) + θ(t′ − t)Â(t)B̂(t′), (A.19)

and the same convention as for T c applies if Â and B̂ are Fermion
operators. Note that Û(t, t0)Û†(t0, t) = 1.

A.4 Expectation Values

The relation between operator expectation values in the Heisenberg
picture, such as the Non-Equilibrium Green’s Function, and the in-
teraction picture is derived as [30]

〈ÔH(t)〉 = 〈eiĤ(t−t0)/�ÔSe
−iĤ(t−t0)/�〉

= 〈eiĤ(t−t0)/�e−iĤ0(t−t0)/�ÔI(t)eiĤ0(t−t0)/�e−iH(t−t0)/�〉
= 〈Û†

I (t0, t)ÔI(t)ÛI(t, t0)〉
= 〈T a{e i

�

R t
t0

dt1V̂I(t1)}ÔI(t)T c{e− i
�

R t
t0

dt1V̂I(t1)}〉

= 〈T
{
exp

(
− i

�

∮ to

to

dt1V̂I(t1)
)
ÔI(t)

}
〉 (A.20)

T is a time-ordering operator that recognizes, whether the field oper-
ators belong to the chronological or to the antichronological parts of
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the product. Accordingly, a contour C running along the time axis in
Fig. A.1 is introduced. It lies in the complex time plane and it cor-
responds to the time path of Eq. (A.20). The T -operator, reduced to
the part of the contour running forward or backward in time, will be-
come the chronological T c or antichronological T a ordering operator,
respectively. For two operators Â and B̂, one has

T
{
Â(t)B̂(t′)

}
= θ(t, t′)Â(t)B̂(t′) + θ(t′, t)B̂(t′)Â(t). (A.21)

θ(t, t′) is equal to 1, if t is later on the contour in Fig. A.1 than t′.
A negative sign is added, if Â and B̂ are Fermion operators. More
precisely, T will order all operators, from the antichronological branch
(lower part of the contour), to the left of operators from the chrono-
logical branch (upper part of the contour). The expectation value
〈ÔH(t)〉 then becomes

〈ÔH(t)〉 = 〈T
{
exp

(
− i

�

∫
C

dt1V̂I(t1)
)
ÔI(t)

}
〉, (A.22)

where
∫
C

replaces
∮ t0
t0

.

�

to

t

t′

Figure A.1: Contour C along the time axis for an evaluation of the
operator expectation value.





Appendix B

EM Hamiltonian

The two-dimensional device from Fig. 3.1 is discretized in the x and
y directions in terms of a δ-functions product centered at (xi, yj),
δ(x− xi)δ(y − yj), where xi and yj are the selected grid points. The
EM Hamiltonian matrix H in this basis has discrete elements hi1i2j1j2
(i1 and i2 refer to xi1 and xi2 , while j1 and j2 refer to yj1 and yj2)
defined as

hi1i2j1j2 =




hi1i1j1j1 = ti1i1+1
j1j1

+ ti1i1−1
j1j1

+ ti1i1j1j1+1 + ti1i1j1j1−1 + Vi1j1 ,
i2 = i1, j2 = j1,

hi1i1±1j1j1 = −ti1i1±1
j1j1

, i2 = i1 ± 1, j2 = j1,
hi1i1j1j1±1 = −ti1i1j1j1±1, i2 = i1, j2 = j1 ± 1,
0, otherwise,

,

(B.1)
where the coupling elements ti1i2j1j2

have the following form

ti1i2j1j2
=




2�
2

(m∗
x,i1j1

+m∗
x,i1±1j1

)∆x±
i1

(∆x+
i1

+∆x−
i1

)
i2 = i1 ± 1 j2 = j1,

2�
2

(m∗
y,i1j1

+m∗
y,i1j1±1)∆y±

j1
(∆y+

j1
+∆y−

j1
)
i2 = i1 j2 = j1 ± 1,

0 otherwise,
(B.2)

Here, Vij = V (xiyj) is the quantum confinement potential, m∗
x,ij the

effective mass along the x-axis at position (xi, yj), m∗
y,ij the effective

mass in the direction of confinement y at (xi, yj), ∆x±i = |xi±1 − xi|,
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and ∆y±j = |yj±1−yj |. The three-dimensional generalization of these
definitions is straightforward and will not be shown here.



Appendix C

From NEGF to Wave
Function

In Chapter 2 the NEGF formalism is introduced, while the Wave
Function formalism is presented in Chapter 5. To calculate the carrier
and the current densities at steady-state, the lesser Green’s function
matrixG<

ij (E) and the orbital-coefficient vector Ci,p(kn) are required.
In a nanowire, as in Fig. 5.1, with N atoms per slab and tb bands in
the bandstructure model,

1. G<
ij (E) is a matrix of size (Ntb)× (Ntb) representing the corre-

lation between the slab i and the slab j,

2. Ci,p(kn) is a vector of size Ntb × 1 that describes the slab i for
a state injected with wave vector kn and energy E(kn) from a
contact p.

The relation between G<
ij (E) and Ci,p(kn) results from their respec-

tive definition in the previous Chapters. In the absence of scattering
self-energies, it is given by

G<
ij (E) =

∑
p

∑
n

Ci,p(kn)CT
j,p(kn)

∣∣∣∣dE(kn)
dkn

∣∣∣∣−1

f(E(kn) − µp).

f(E(kn) − µp) is the distribution of the electrons in the contact p. It
is equivalent to the injection probability at energy E(kn) for a state
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coming from p. A Fermi distribution with the chemical potential µp
is assumed in this case. The sum over n includes all the propagating
states injected from the contact p with a wave vectors kn that fulfills
the condition E(kn) = E.
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