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The rate formula of Shockley-Read-Hall (SRH) recombination is generalized for 
multiphonon transitions in an inhomogeneous electric field. A three-band model and Fermi 
statistics are used. The thermal generation and recombination at deep centers is tunnel 
assisted, if it occurs in the electric field of space-charge layers. Trap tunneling without phonon 
assistance turns out to be an exceptional case as well as the exclusive thermal multiphonon 
transition at zero field strength. Generally, every single recombination act is a 
combination of thermal capture and tunneling into the trap. A background of the order of an 
interband tunnel length contributes to the local rate. In the Boltzmann case the well 
known form of the SRH rate is derived, but with spatially variable lifetimes. Their position 
dependence directly reflects the shape of the electric field strength, if the traps are 
uniformly distributed. Depending on the external parameters, the calculation of the SRH 
current density leads to 1-U characteristics, which exhibit interesting substructures in the case 
of certain discrete trap configurations. The theory is applied to a Hg0,8Cdo.2Te n + p 
junction and a GaAs surface potential. 

1. INTRODUCTION 

Since the pioneering work of Shockley, Read, and 
Hall 1 on the statistics of the recombination of electrons and 
holes many papers have been published aiming at the im
provement of theoretical understanding of these processes, 
which play an outstanding role in semiconductor devices. 

Sah et a/.2 calculated the recombination current by 
analytical integration of the recombination rate over a de
pleted space-charge region assuming a linear potential 
there. In 1958 deep level-to-band tunneling transitions 
were found to be a source of excess current in tunnel 
diodes.3 Price4 and Sah5 gave expressions for the Wentzel
Kramers-Brillouin (WKB) probability of these processes 
and an estimate of the transition matrix element. In a series 
of papers Sah6 (and references therein) developed equiva
lent circuit models for thermal, optical, Auger-impact, and 
tunneling recombination-generation-trapping processes. In 
Ref. 6 he considered traps being located in the wide gap 
material of a heterojunction, making possible elastic and 
inelastic tunneling transitions into the small gap material. 

After the interest in tunnel diodes had disappeared, a 
revival of impurity-to-band tunneling calculations began in 
1980 in connection with junction currents in narrow gap 
semiconductors and efficiency limiting processes in solar 
cells. Wong7 considered the traps being located near the 
space-charge layer but not within it, which resulted in a 
model with decoupling of tunneling and thermal recombi
nation. Anderson and Hoffman8 calculated the current of a 
Hg1 _ xCdxTe pn junction using the Kane E(k) dispersion 

•>Present address: Swiss Federal Institute of Technology, Integrated Sys
tems Laboratory, CH-8092 Zürich, Switzerland. 

relation combined with a parabolic barrier field. They de
termined the transition matrix element using a Coulombic 
ground state for the deep level wave function, and they 
obtained the total current by simply adding the thermal 
and the tunnel part neglecting the interdependence of both 
via the occupation of the deep center. 

In Ref. 8 the result for the tunneling probability in 
such systems was slightly improved taking the exact band 
wave functions of a four-band model. Plazcek-Popko and 
Pawlikowski10 reported a forward characteristic of a 
HgCdTe diode at T < 20 K with three minima in its recip
rocal differentiated form ( r d - U characteristic), which 
they interpreted as phonon-assisted tunneling. A similar 
rd - U curve (with two minima) was obtained recently by 
Heukenkamp11 for an+ p diode of Hg0_8Cdo.2Te at 11 K. 
He attributed the minima to two different trap levels at 
Eg14 and Egl2 and showed that the minima are quenched 
by a magnetic field of 4.4 T. For the fit he used an im
proved version of the model of Anderson and Hoffman8 

including the combination of thermal and tunnel traffic via 
the trap occupancy. 

In 1989 Waterman et a/. 12 observed trap-assisted tun
neling to quantized electric subbands in H~.78Cd0.22Te 
metal-insulator-semiconductor (MIS) capacitors, which 
they described as a two-step process-thermal capture of a 
valence electron and following tunneling into the subband. 
lt appears to be a drawback of the current calculations in 
Refs. 8 and 11 that only two recombination paths were 
taken into account: a thermal (vertical) and a tunnel (hor
izontal) transition. Both paths are actually very improba
ble: the first dominates for zero electric field, the latter for 
zero temperature. On the other hand from a theoretical 
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point of view, the separation of the two channels is artifi
cial, since the trap tunneling transition is only a special 
Shockley-Read-Hall (SRH) recombination path with no 
phonon assistance at all. 

In this paper the SRH recombination is generalized to 
the inhomogeneous electric fields of space-charge layers by 
equating the vertical transitions with nonradiative mul
tiphonon capture and emission processes of electrons and 
holes. Each multiphonon step can be tunnel assisted, if 
there are field induced states near the band edges at the 
trap position or in the picture of tilted bands, if there are 
band-edge states at the energy of the multiphonon step in a 
distance of the tunneling length. 

Tue recombination statistics will be briefly reviewed in 
Sec. II, the problems of capture rates, density of states in 
inhomogeneous fields, and the resulting total SRH rate will 
be taken up in the following three sections. In Sec. VI some 
applications in the case of Boltzmann statistics will be dis
cussed: analytical expressions for spatially variable SRH 
lifetimes and the trap tunneling current. Tue general rate 
formula will be studied in Sec. VII for uniform and discrete 
trap configurations. Some calculated device characteristics 
of a H&.8Cdo.2 Te n + p junction and a GaAs surface poten
tial will be presented. The final section will give a brief 
discussion of the results and a summary. 

II. ENERGETIC SRH RATES 

The density of energy states in a semiconductor is 
changed by the presence of an electric field. New states, the 
so called Franz-Keldysh tails, 13 appear in the gap and give 
rise to tunneling transitions. Tue continuous nature of the 
energy spectrum requires that the description of the gen
eration-recombination kinetics includes such new states. In 
doing so we limit ourselves to the conventional picture of 
the nonequilibrium situation, which is characterized by 
two separate Fermi levels-for the conduction electrons 
and for the holes. Thus, we assume that the recombination 
time greatly exceeds the mean free path time, although low 
temperatures and the electric field of the space-charge re
gion restrict this conception. 14 Furthermore, we suppose 
one-level recombination centers of the same kind having a 
thermal binding energy Et measured from the edge of the 
conduction band Ec(x) = ~ - eq:>(x) [x: field direction, 
q:>(x): electrostatic potential]. For cleamess we denote en
ergies above the trap level by E' and below by E. 

Tue differential net recombination rate of electrons and 
holes 

dRn,p = drn,p - dgn,p ( 1) 

follows from the differential recombination and generation 
rates: 

and 

drn =Ne< 1 - lt)cn(E')Nc(E')lc(E')dE', 

dgn = N J ren(E')Nc(E') [ 1 -lc(E') ]dE', 

3340 J. Appl. Phys., Vol. 71, No. 7, 1 April 1992 

(2) 

drP = NJt[chh(E)Nhh(E) + clh(E)N1h(E)] 

X [ li - lv(E) ]dE, 

dgp =Nt( 1 -lt) [ehh(E)Nhh(E) 

+ e1h(E)N1h(E) llv(E)dE. 

(3) 

In (2) and (3) Nt is the trap density, lt the trap occupa
tion probability, and c;(E) and e;(E) are the spectral cap
ture and emission rates. N;(E) denotes the energetic den
sities of states, and le,v(E) are the Fermi functions of 
conduction and valence band. Heavy and light holes are 
described by a joint Fermi level F P' but by different capture 
and emission rates. In ( 3) the terms in braces will not be 
cut in the following calculation. Thus, we use 
cp(E)Nv(E) and ep(E)Nv(E) as abbreviations, respec
tively. 

In thermodynamic equilibrium two relations of de
tailed balance follow from ( 2) and ( 3) : 

, , (l -/i)lo(E') 
en(E) = Cn(E) J;1[ 1 - lo(E')] ' 

_ft[ 1 - lo(E)] 
ep(E) = cp(E) lo(E) ( 1 - <fr) . 

(4) 

In the stationary case Rn = RP holds. This gives an equa
tion for the trap occupation probability lt 

( 1 -lt)~, -lln =I~ - (l -lt)~ (5) 

with 

(6) 
c„l fEc-E1 \cp(E) [ l -lv(E)] 
~ = -- oo dENv(E) X ep(E)lv(E) . 

Tue integrations in ( 6) include all gap states above and 
below the trap level, respectively, since a carrier can be 
captured from or be emitted into such states, which origi
nate from th(: presence of an electric field. 

If lt is d1etermined from ( 5) and then again inserted 
into the left-hand side of ( 5), the total net rate in the 
stationary case comes out: 

AA AA 

c~n-ern 
R =NtA A A A. (7) 

c11 + en + cP + ep 

Now, using (6) and expressing the emission rates by the 
capture rates via ( 4), one obtains 

R = [ 1 -- exp( - Fn(x) k-;, Fp(x))] f: oo dE' 

X J: 
00 

dER(E',E)lc(E')[ 1 - lv(E) ]. (8) 

By R(E',E) we have introduced an energetic net SRH rate 
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with Cn and 'C;, given in ( 6). 
.f! and ff are trap occupation probabilities defined with 

the corresponding quasi-Fermi levels of electrons and 
hol es: 

f: = [ l + ~~:: exp( Ec -:~ - Fv) i- 1 

( upper sign for electrons, g0,1--degeneracy factors of the 
empty and occupied trap level, respectively). 

Since the recombination at deep centers goes through 
two steps-capture of a conduction electron and capture of 
a hole-the rate R(E,E) depends on both variables E and 
E separately. Figure 1 illustrates the recombination of an 
electron-hole pair in the electric field of a space-charge 
region. Only one transition path via tail states has been 
marked. Obviously, a background of the order of an inter
band tunneling length contributes to the local rate at point 
x. The total rate R depends on x via the trap concentration 
N1(x), the electrostatic potential <p(x), and the quasi
Fermi levels Fn(x), Fp(x). In heterostructures graded gap 
effects would come into play additionally. 

III. SPECTRAL CAPTURE RATES 

We consider the SRH process to be a multiphonon 
transition, where the electronic energy is transformed into 
lattice vibrations. Due to the strong localization of the 
bound state and the corresponding delocalization of the 
wave function in k space, momentum conservation is not 
required. 

The calculation of zero field capture and emission rates 
of nonradiative multiphonon-transitions has been per
formed explicitly in various papers. 15

-
21 First Makram-

- - - - - - - Ec(X) - Et 

------E 

- - - - - - - - Ev(X) 

X position 

FIG. !. One possible recombination path via a deep level at Ec(x) 
- E, in a space-charge region. 
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(9) 

Ebeid and Lannoo 198222 came along with a theory of 
multiphonon transitions in a homogeneous electric field. 
There they extended the theory of tunneling between gap 
and band states to the case where multiphonon transitions 
can take place in addition, i.e., where tunneling processes 
become phonon-assisted. A slight improvement was 
achieved in Ref. 23 by treating the problem as a field
enhanced multiphonon process, which is both thermally 
and field induced. In this treatment the electric field enters 
into the emission rate via the combined density of states. 
Therefore, the various field effects, like Franz-Keldysh ef
fect, Stark effect, Poole-Frenkel effect, or field induced line 
shape broadening of the deep level can be included. Fur
thermore, the WKB approximation can be avoided, which 
is necessary if the transitions predominantly occur near the 
band edges. 

In order to restrict the number of new parameters in 
the description of SRH recombination to a minimum, the 
following limitations are used: The deep level wave func
tion is determined by the envelope method with Lucovski's 
c5-function potential24 yieldig simple Koster-Slater orbitals. 
Only one effective phonon mode with energy 1Uu0 for both 
kinds of carriers is assumed (Einstein model), and the 
frequency illo is thought not to change during the transi
tion. Band states do not couple to this mode. Then one 
obtains for the spectral capture rate of electrons23 

XL(Ec-Et-E') (10) 

with the lineshape function of multiphonon theory 

~ (In+ 1)
112 

L(c) = 21Tfze-S(2f8 + ll ~ 
l=-oo fB 

XI1[2S ~fn( IB + t) ]c5(lliuJo + c). (11) 

In ( 10) and (11) S is the Huang-Rhys factor, which is a 
measure of the coupling strength of the diagonal electron
phonon interaction, SIUu0 defines the lattice relaxation en
ergy, rF,n and rph,n are matrix elements of the nondiagonal 
electron-field (rF,n) and electron-phonon (rph,n) coupling, 
respectively. The prefactor c~ contains various unknown 
quantities, like the impurity potential strength, the symme
try of the wave function, the localization radius a.o„ so it 
will enter into the constant part of the electron lifetime 
1' n,O finally. 

The lineshape function depends on the phonon occu
pation number fB = [exp(IUuofkT) - 11- 1 and repre
sents a series of c5 peaks weighted by modified Bessel func
tions fi. The envelope of the spectrum is a Gaussian for 
high temperatures. 
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Oc,p 0 Oc,n 
conflguratlon coordlnate 

FIG. 2. Configuration-coordinate diagram with the crossing points of the 
harmonic potential parabolas at zero electric field. The two-band parab
olas have to be replaced by a quasi-continuum of such parabolas, if the 
recombination takes place in an electric field. Then, both activation en
ergies are lowered. 

With (10) and (11) we find for the spectral capture 
rates of electrons and holes, respectively 

, o ~ ( 2 (/ - S)
2 

2 ) 
Cn(E ) = 21Tlicn ~ r F,n + S r ph,n 

1>0 

XL(/)8(/fuuo + Ec - Et- E'), 

o ~ ( 2 (/ + S)
2 

2 ) 
cp(E) = 21TlicP ~ r F,p + S r ph,p 

1>0 

XL(/)o(lfuu0 + E - Ec +Et). ( 12) 

L(l) involves all f 0 -dependent factors of ( 11 ). Note, that 
c~, rph,p and rF,p are different for light and heavy holes. The 
physical meaning ofthe terms (/ ± S) 2/S in (12) is easily 
understood. Let Et be a midgap level and /0 
= int(E/fuu0 ) the number ofphonons emitted during the 

capture of an electron at zero electric field. Then, it is clear 
from a configuration-coordinate diagram (Fig. 2) that 
(10 - S) / ..jS is just the crossing point Qc,n of the two adi
abatic potential parabolas with the electronic energies Ec 
and Ec - Et> respectively. In the same way, Qc,p 
= - (/0 + S)/ ..jS represents the crossing point of the 

two parabolas with electronic energies Ec - Et and EIJI re-
spectively. The Qc,i appear in the capture rates as the 
squared "phononic part" of the electron-phonon interac
tion Operator QV(r). 

For comparison with experiment it is reasonable to 
define only one constant lifetime r;,o for each kind of car
riers. After ( 12) this can be done either by averaging the 
brackets (/ = l*) or by neglecting one of the transition 
matrix elements. An estimate of the ratio rph/rp with usual 
models ofthe electron-phonon coupling favors rph• thus we 
neglect rp in the further calculation. 
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IV. COMBINED DENSITY OF STATES IN 
INHOMOGENEOUS FIELDS 

The electric field of a space-charge region is never con
stant. In band-to-band or band-to-trap tunneling calcula
tions the assumption of a constant field is approximately 
fulfilled only in the case of strongly reversed biased junc
tions and ignoring the boundaries of the depletion layer. In 
order to find a better approximation for the local density of 
band states in inhomogeneous electric fields, we use a re
sult for the e111velope wave function in such fields, which 
was derived in Ref. 25. There it was shown that for me
dium varying potentials, i.e., for fields which actually vary 
over an interband tunneling length /int• but which can still 
be linearized over a small portion A/int of this length 

Afint = 2 (~) 
314

/int (13) 

[® = (e2F2/2µ1i) 113, µ-reduced effective mass, F-field 
strength], the envelope of conduction-band states has the 
approximate form 

~ .j; 13 11/6 
f'E,k(x) = 'J-W- ~IKE:·,k(x) 1 2~',k(x) 

X Ai[(~ ~ .. k(x) ) 213
]. 

In (14) sE.,k(x) is the action integral 

~·,k(X) = r: dx'KE',k(x') 
JxE,k 

with the wave number KE.,k(x), which follows from 

[KE.,k(x) 12 

., 

(14) 

(15) 

-("1+:~ [Ec(x)-E'] parabolic bands 

- m [ 2 112/<.l fl: l':g (E' - Ec(x) + Eg/2) 2 
- Egl2 - mcl 

Kane bands. ( 16) 

The quasi-classical tuming point x~.k is solution of 

KE',k(xE:·,k) = 0. ( 17) 

Far from classical tuming point the envelope ( 14) tums to 
the well known semiclassical limits, but in the vicinity of 
this point it can be developed up to first order, yielding the 
usual Airy solution. 

Now, (14} can be used to find an approximate expres
sion for the local density of states in inhomogeneous fields. 
Actually, the combined density of states tums out in form 
of a product of trap and band density of states, respec
tively, due to the strong localization of the impurity wave 
function. The trap density of states (here only one level) is 
a delta function, since the field induced line shape broad
ening was neglected. lt does not appear explicitly, since the 
corresponding integration is already involved in the defini
tion of the recombination rates in Eqs. (2) and (3). The 
remaining loca~l density of conduction band states is given 
then by 
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(18) 

The integral is calculated neglecting the k1 dependence of 
the slowly varying factors of the envelope. If the argument 
of the Airy function is developed up to first order in J0., one 
obtains 

= (~) S'"E'~x) [~SE,,o(x)]213._r{[~SE',o(x)]2/3} 
(19) 

with 

S'°E'(X) = ~ K~,o(X) rx dx' (K~',o(X')] - 1. 
Jx~.o 

(20) 

In ( 19) .'7 (y) is the electro-optical function Y (y) 
= Ai2(y) - yAi'2(y).26 Equation (19) represents a gen

eralization of the density of conduction-band states to an 
inhomogeneous field F(x). The limit of a constant field is 
easily verified in the case of parabolic bands using 

3 
. 213 Ec(x) - E' Ec(x) - E' 

[2 SE',o(X)] -+ liE>c ' Sf:·(X)-+ eF(x) 

(21) 

Thus, the weil known Franz-Keldysh result 13 follows: 

1 (2m )312 (E (x) - E') ~om(E',x) = 21T ,/ ~ll®cY c liE>c . 

(22) 

For vanishing field strength ( 22) tends to 

1 (2m )312 
N~= 0(E',x) = W rf ~E' -Ec(x) 

X®[E' - Ec(x)], (23) 

i.e., only states above the band edge contribute to the SRH 
rate in such regions. 

Going through the same steps the corresponding ex
pressions for light and heavy holes can be derived. In 
( 14 )-(23) the effective mass mc has to be replaced by 
mhh or m 1h, and Ec(x) - E' by E - Ev(x). 

V. TOTAL SRH RATE 

Up to here we have gathered all quantities, which are 
necessary to write down the total net SRH rate in the 
general case. Due to the 8-functions in the spectral capture 
rates all integrals reduce to sums over positive integers
the number of phonons created during the capture. Let 
p;( E) be dimensionless energetic densities of states 

Et 
p;(E) = N'! N;(t:,x). 

l 

(24) 

N/ denote the effective band densities of states U 
= c,lh,hh). Furthermore, instead of calculating the tran

sition matrix elements explicitly, we introduce constants 
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r;,o which do not depend on temperature or electric field 
strength and which serve as fit parameters. Then, the net 
SRH rate has the form · 

R(x) = Nt(x) [ 1 - exp(- Fn(x) k-;,Fp(x))] 

1 
x-----

'Tp(X) + 'Tn(X) 

with 

Tn-l(x) = (1-Jf:) , 
1 

1
1 (l- S)2 XL 'TnoPcU) S L(l)fc(l), 

1>0 

r P-
1 (x) = f': L [ T \h JP1h (/)\ 'T hh,l:Phh (/)] 

1>0 \' ' 

(25) 

(l + S)2 
X S L(l)[l-fv(l)]. (26) 

The dimensionless densities of states p;(/) and the thermal 
distributions L (/) are given by 

c E, l 3 i 213 
p;(/) = 2 'Y7T kT k~hScU) [2 S E~o(x)] 

x..r {[~ s~Po(x) 1213}, 

where 

and 

[
/fim0 + Ec - E1 for electrons 

Ei = Ec - Et - /fim0 for holes, 

(27) 

(
f + 1) 112 

L(/) =e-S(Zfo+ll Bin I1[2S~fn(fB+ 1)]. 

(28) 

The quantity k~h denotes the thermal wave number k~h 
= (2mckT!li2) 112• Equations (25)-(28) generalize the 

SRH rate to inhomogeneous fields, Fermi statistics, and 
three bands. Only two new parameters are needed-the 
Huang-Rhys factor S and the effective phonon energy 
fimo. 

The transport of a carrier via a deep level proceeds on 
a combined way: tunneling to/from the trap position (hor
izontal part) and thermal capture/emission (vertical 
part). All ways on the "phonon ladder" E1 are possible, but 
there is of course a most probable way, i.e., a most prob
able number of phonons /*, depending on temperature T, 
field strength F, thermal binding energy Et> Huang-Rhys 
factor S, and phonon energy fim0• In general, I will be 
different for electrons and holes. An illustration is shown 
in Fig. 3. 

The numerical expense in this theory reduces to the 
determination of the quasi-classical turning points, i.e., the 
crossing points of the phonon ladders with the band edges, 
and to the calculation of the tunneling probability (27) in 
regions with noticeable electric field. The thermal distribu-
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tion L(/) is the same in every point and has to be calcu
lated only one time. The action integrals may be trans
formed into sums using the phonon ladder as natural grid, 
at least if liü.>0 < Eg holds. 

VI. APPLICATION TO BOLTZMANN STATISTICS 

Now, we consider new definitions of averaged capture 
rates (c;) with the dimension cm3 s - 1

: 

(29) 

The structure of the (c;) is obvious from a comparison 
with (26). 

In the case of Boltzmann statistics the rate formula 
(25) then can be written in the form 

where n0, Pih,o and Phh,o are the equilibrium densities and 
the n1, Plh,l and Phh,I have the usual meaning. If only one 
kind of holes is present (p1h = Phh = p), the well known 
formula given first by Shockley and Read results from 
(30): 

2 np-n; 
R(x) = (31) 

(n + n;)r p0(x) + (p + P1 )r n0(x) 

with 

(32) 

For constant trap distributions, Nt> the position depen
dence of the SRH lifetimes .;-i0(x) originates from that of 
the averaged capture rates (c;). The latter increases with 
rising electric field lowering the lifetimes in space-charge 
regions. In more detail, 

(
Er - lliü.>o) ] -

1 

XL(/) exp kT , 

(33) 

A lt;, [ " (l + S)2 
T p0(x) = Tp,O N ~ PuU) S 

t 1>0 

(
E -E1 -lliü.>o)]-I 

XL(/) exp g kT . 
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X 

FIG. 3. Electron recombination paths: tunneling to the trap and subse
quent thermal capture. 

(30) 

Within the capture rates the only variable factors are the 
densities of states p;(/) defined in Eq. (27). Therefore, in 
the Boltzmann case the spatially variable SRH lifetimes 
directly reftect the profile of the inverse tunneling proba
bilities in a given structure. Outside the depletion region 
the SRH lifetimes are indeed constants, as long as N 1 is 
uniform. 

A. Low and strong fleld llmlts 

Outside thc depletion region, where the potential drop 
is negligible, both of the normalized densities of states of 
light and heavy holes tend to the same zero field limit 

F-o F-o 2 Er ------
P1h (/) = Phh (/) -+Trr (kT)3/2 ~llkuo - Eg +Er 

(34) 

since only transitions near the band edge (E' ""' Ec 
+ kT) contribute to the SRH rate in this case. Therefore, 

Tlh,O(clh)Pth = Thh,o(chh)Phh 

(l + S)2 
= L S L(l)pu(l) [ 1 - fu(l)] 

t;;.O 

and the expres~.ion ( 30) reduces to 

A. Schenk 
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R(x) = Nt(x) [nphh- nci'hh,ol / (a(;hh) [n + ni] 

+ <:n> [Phh + Phh,d) (36) 

with 

a = 1 + rhh,ol r1h,O· 

If the electric field is sufficiently strong ( liE>i > 1Uu0 ), then 
the most probable transition path uses deep tail states in 
the gap. Because of the large difference in the tunneling 
mass between heavy and light holes the strong field densi
ties of states for those energies have the relation Pih (/) 
> Phh(/), and consequently 

(37) 

can be assumed. Thus, only light holes participate in the 
recombination: 

R(x) = Nt(x) [nP1h - ncP1h,ol / ( (c~h) [n + ni] 

+ (:n> [P1h + P1h,il )· (38) 

B. Trap tunneling current density in the Boltzmann 
case 

Once the SRH rate R(x) is known, the one-dimen
sional ( 1 D) SRH current density can be calculated by 

ARH = e f dxR(x). (39) 

This current fully involves the trap tunneling contribution. 
Tue definition of the trap tunneling current density is 
somewhat arbitrary. We include all the phonon-assisted 
tunneling transitions by subtracting a "thermal back
ground" 1~'irn from the total SRH current: 

~un · ~h (40) 
iSRH = JSRH - iSRH· 

1~k is caused by transitions with a recombination energy 
greater or equal than the gap energy. Therefore, J~'Rtt stems 
from regions with noticeable electric field only. 

Due to ( 39) the corresponding tunneling rate 
R1u0 (x) = R(x) - R1h(x) has tobe known. In the case 
of Boltzmann statistics a most simple result follows in a 
two-bandmodel (m1h = mhh = mv): 

Rtun = Rth{ [ (c~h) (n + n1) + (c~h) (p + p,) ]/[ (:p) 

X(n +n1) + (:n) (p+p,) ]-1}. (41) 
This expression can be further simplified under the follow
ing assumptions: (a) mc = mu> (b) Er = E/2, (c) l*>S. lt 
is clear from the definition of (c;), that these restrictions 
bring about the relation 
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(cp) (cn) (c) 

(c~h) = (c~h) = (c1h> ' 
(42) 

and the trap tunneling rate becomes 

Rtun _ Rth ( (c) _ 1) 
- (cth) · (43) 

The term in brackets is a sum over thermally weighted 
tunneling factors 

( (~~i> - 1) = z- 1 to /2J1exp( - ~';:;) 
X [p(l) - pF= 0(1)] ( 44) 

with 

The main contribution to the tunneling current comes 
from a fraction of the depletion region, where the field 
strength has a maximum. There, /* can be supposed tobe 
much smaller than /0 = int(E/1Uü0 ). This enables to re
place the electro-optical function Y (y) by its asymptotic 
form (WKB approximation), and the tunneling factor be
comes 

F=O 1 Er 1 
[p(l) - p (/)] -+p(/) = 4 {;- kT k1hs(/) 

xexp[ - 2s4x) ]. (45) 

The approximations made so far in this section allow for 
the tunneling current density in an analytical form, if in
tegrable potential shapes are used. As a simple example we 
consider a surface potential (constant donor concentration 
ND> depletion approximation). The value of the electro
static potential ip(x) at the boundary of the space-charge 
region Xn is denoted by 'Pm its value at the surface (xs) by 
'Ps· Tue band edges in the depletion region then are given 
by 

kT (x -Xn) 2 

Ec,v(X) = ~.v - eipn + eU + T L2 (46) 
D 

The point Xn depends on external voltage U: 

(47) 

In ( 46), ( 4 7) L D denotes the Debye length L D 

(€Ur14rreND) 112
, Ubi is the built-in potential Ubi 

'Pn - 'Ps> and U T the thermal voltage. After some alge
bra the action integral can be expressed exactly in form of 
a power row: 

4m2 -1 

x(v'UD~(Er-llituo)!kT) 2m-I (
48

) 
X-Xn 
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The convergence of the row ( 48) is guaranteed by the fact, 
that for a given phonon number l the first x value fulfills 
the relation 

(49) 

lt was mentioned above that only a small region in the 
vicinity of the surface position Xs contributes to the tunnel
ing current. Inserting Xs for x in ( 48) and using ( 4 7) 
shows that one can neglect all terms with m > 1 in the row 
(48) if 

(50) 

holds. Since the left-hand side is of the order Eg14 (WKB 
approximation), this restricts the external voltage to the 
reverse bias branch here. 

Then, the result for the action is 

-~ Ltkth ((Et- lfzwo))
312 

SE,<x) - 3x-x kT · 
n 

(51) 

The quantity 5(1) in the denominator of the tunneling fac
tor p (/) ( 45) can be calculated in the same way. One 
obtains 

-~ L1 (CEt-/fzwo))
312 

5(1) - v'l (x - Xn) 2 kT · (52) 

With (43), (44), (45), (51), and (52) the trap tunneling 
rate can be written in the form 

-~ Ltkth (Et-lfzwo)
312

]. (53 ) 
3X-Xn kT 

In (53) the thermal rate Rth was replaced by an averaged 
value 

N (eUIUr _ 1) 
(Rth) = _t ___ _ 

retrC T) 

Now, we can integrate (53) approximately to get the trap 
tunneling current density. Tue result is 

1211 [ lfzw0 

J~~( U) = jo( U) ta ( 1 - ///0)3 exp - 2kT 

(/</ii) 

_ ~ L#th (Et - lfzwo)
312 

Ur ] 
3 v'l kT Jubi - U 

(54) 

with 

3 e(R1h) (eU · - eU) 2 

jo( U) = 2 [i;zL~h b1E; 
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FIG. 4. Reverse bias tunneling characteristics of various n-phonon tran
sitions (n indicated by the numbers) and the resulting sum. Parameters: 
T = 333 K, S = 3.5, -liru0 = 33 meV, 7'eff = 10- 6 s, E1 = 1.5 eV, E, 
= 0.75 eV, mc =' 0.066m0, N, = 1014 cm - 3

, <=s = 12.9, ND = 1017 

cm- 3, Ubi = 0.45eV. 

Formula ( 54) represents a superposition of a series of tun
neling charactc~ristics, valid only in the reverse bias branch 
here, each produced by band-to-trap transitions of elec
tron-hole pain. with assistance of 2 X l phonons. The num
ber of phonons explicitly occurs in the WKB tunneling 
exponent, lowering the energy barrier Et and, conse
quently, enhancing the tunneling probability. Tue latter is 
multiplied with a thermal weight which decreases exponen
tially with rising /. Both tendencies result in an optimum 
transition assisted by 2 X /* phonons ( /* < 10 has been 
assumed in this section). In previous papers (e.g., Ref. 8) 
only the zero phonon part (/ = 0) was taken for the trap 
tunneling current, and a thermal SRH current was added 
neglecting all the phonon-assisted tunneling transitions. At 
temperatures for which the SRH recombination is impor
tant, the contribution of the zero phonon transition is neg
ligible. This is. clearly demonstrated in Fig. 4, where Eq. 
(54) was analyzed for various phonon numbers. GaAs/ 
EL2 parameters were used in the described surface poten
tial model. The optimum phonon number is /* = 13, while 
the half-gap needs 22 phonons for the carrier to be trans
ported directly on a purely thermal way. Tue total tunnel
ing characteristic is mainly the result of transitions with 
shares of 9 to 17 phonons. 

VII. SRH CUF11RENT-VOLTAGE CHARACTERISTICS 

A. Uniform trap dlstribution 

Tue following results are based on the general expres
sion (25) for the recombination rate R(x) and the above 
described arti:ficial, but nevertheless instructive, partition 
into a tunnefü1g part R10n(x) and a thermal part R1h(x). 
For application we consider a n + p junction in 
Hgo.8Cdo.2Te (at x = 0.5 µm). In such a structure heavy 
and light holes are involved and degeneracy effects can be 
expected at least in forward bias operation. The trap con-
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FIG. 5. (a) SRH rate (solid curve) and trap tunneling rate (dashed 
curve) in a H!!o.sCdo.2Te n + p junction for two biases: ( 1) U = + 0.001 
V, (2) U = - 0.05 V. Parameters: Xpn = 0.5 µm, T = 77 K, S = 4.4, 
fiuio = 6meV,N1 = 1018 cm- 3,r •. 0 = rlh,O = 10- 6 s,rhh,o = 10- 4 s, 
E, = 42.3meV,E8 = 84.7mev,n+ = I018 cm- 3,N,i = 1016 cm- 3• (b) 
SRH lifetimes ~~(x) = (Nc<c;)) - 1 in the H!!o.sCdo.2Te n + p junction of 
(a) for - 50 mV bias (solid curves). The dashed lines indicate the shape 
of the SRH lifetimes, if only phonon-assisted trap tunneling transitions 
are taken into account. For parameters see (a). 

centration Nt(x) is assumed tobe constant. Then, the spa
tial variability of the rate R (x) is due to the occupancies 
and the field dependent densities of states only. A plot of 
R(x) and R1u"(x) for different biases is shown in Fig. 
5(a). Tue maxima occur in the p region of the space
charge layer as a result of decreasing field strength and a 
rising number of free electron states. There, the relative 
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contribution of tunneling transitions is more than 50%. 
This contribution enhances in the direction of the increas
ing field. 

lt is useful to study the field effect on the SRH lifetimes 
for this example. Therefore, we write the general expres
sion (25) for the total rate R(x) in the form 

R(x) =nPhh[l-exp( - Fnk-;,FP) ]/Cr~x) 

Phh~(x) ) 
+ {1-.f:) . 

(55) 

The Boltzmann limit follows from f': ..... n!(n + n1) and 
1 - 11:--+ Phhl(Phh + Phh 1). Thelifetimern0(x) is given by 
(32), Tp0(X) by ' 

r ;iJ 1(x) = Nt(Plh (c1h) + (chh>) · 
Phh 

(56) 

These lifetimes are plotted in Fig. 5(b) as function of x 
using the parameters of Fig. 5(a). In the case of the non
degenerated holes, the lifetime has the same constant value 
on both sides outside the space-charge layer. Within the 
depletion region it reftects the electric field distribution of 
the asymmetrical junction. Without taking into account 
the trap tunneling transitions, rp0(x) would be constant. 
This does not apply to the electron lifetime r n0(X)' which 
decreases from the n + to the p region by nearly two orders 
of magnitude due to the transition from degeneracy to non
degeneracy. The field effect on rno(x) via the density of 
states is quenched with starting degeneracy, since there are 
no empty states left for tunneling processes. 

A SRH current-voltage characteristic of this example 
is shown in Fig. 6. The integration of R(x) was broken off 
at 0.8 µm (device length). Then the reverse bias branch is 
completely determined by phonon-assisted trap tunneling, 
whereas in the forward branch the well known tunnel 
"bump" emerges for T...;; 130 K. Since we have assumed a 
continuous trap distribution Nt> the SRH current increases 
continuously with rising voltage. 

B. Dlscrete trap conflguratlons 

First we consider a delta-like trap density 

Nt= vp(x - Xo). (57) 

In this simple model there is only one phonon ladder at the 
point x0, which is pinned to the trap energy level. Conse
quently, the series ofphonon sublevels moves together with 
the band edges, if an extemal voltage is applied. 

In principle, phonon substructures in the forward I 
- U characteristic can be expected now by two reasons. 

Firstly, the quasi-Fermi levels move on the energy scale 
relative to the phonon ladder switching on or off a new 
multiphonon transition channel, respectively, according to 
their velocity ratio. Since the Fermi edge is smeared out by 
kT, the ftuctuations cannot be sharp and vanish for kT 
=Wo. 

Second, due to the lowering of the potential barrier, 
sublevel after sublevel will be excluded from tunneling, 
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FIG. 6. SRH current density of the H&i.sCdo.2 Te n + p diode of Fig. 5 (a) 
for different temperatures: (1 ) T = 10 K, ( 2) T = 20 K, ( 3) T = 40 K, 
(4) T= 60 K. An acceptor binding energy of 6 meV and Fermi level 
pinning at the conduction-band edge in the n region have been assumed. 
For parameters see Fig. 5(a). 

since band states at the same energy ( density of states 
limitation) do not remain. At these voltages a dip in the 
current curve appears. Looking at the surface potential 
example of Sec. VI B one can easily calculate the dip po
sitions. With ( 46) and ( 4 7) the dip resulting from the loss 
of the n phonon process for electrons appears at the voltage 

If the trap is located near the surface (xs - x0 < LD), the 
dip spacing is given by the phonon energy: !l.Un 
=.wofe. 

Figure 7 shows the sawtooth-Iike characteristic of this 
case. A doping level of ND = 5 X 1018 cm - 3 and a trap 
distance Xs - x0 = 2 nm have been used. The hole lifetime 
was set to zero in order to demonstrate the dips from the 
conduction band to deep level processes separately. The 
lifetime constant Tno and the trap concentration v, have 
been chosen such that the field-independent SRH lifetime 
is of the order 1 ns. 

The dips resulting from the loss of the n-phonon pro
cess for holes appear at the voltages 

_ . Lt Ur (Eg - E1 - nwo 
Un - Ub, - (Xs - Xo)2 2 kT 

(xs - Xo)2)2 
+ 2L2 • 

D 
(59) 

In this case near the surface, approximately 
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(60) 

with lo,p = int[(E8 - E 1)/w0]. Here the dip spacing is 
larger than in the other case, and it decreases with rising 
voltage. Due to the assumed square potential the dip posi
tions are distributed quadratically, and the dip spacing is 
reduced by the factor 2 Uo,p - n) - 1 on the voltage axis. 

In a real semiconductor the traps are distributed on the 
crystal grid: 

N 1(x) = v„(x) L l>(x - x;) 
i 

(61) 

with !l.x = X;+ 1 - X; being a distance of the order of the 
lattice constant. In this model the above described fluctu
ations (58) and (59) will superimpose and give rise to a 
strongly structured forward I sRH - U characteristic. Fig
ure 8 shows two theoretical examples of a GaAs surface 
potential with Ubi = 0.85 V and donor concentrations of 
1 X 1017 cm - 3 and 5 X 1017 cm - 3, respectively. In the 
higher doped clevice a pronounced tunnel bump with nar
row multiphonon structures is observed. With decreasing 
doping level the recombination region extends and the 
SRH current rises. At the same time the dip spacing in
creases (Lt - N'j) 1) and the bump becomes less marked. 

VIII. SUMMARY AND CONCLUSIONS 

lt was the goal of this paper to uniform the description 
of thermal SRH recombination and trap-assisted tunneling 
in semiconductor space-charge regions. Therefore, the 
thermal capture rates which enter the SRH lifetimes were 
defined in a multiphonon picture with field-dependent den
sities of band states. Inhomogeneous fields could be in
cluded using an approximate envelope for these states. In 
the most frequent case of Boltzmann statistics the spatial 
variability of the SRH lifetimes reflects the field distribu
tion in the device, if the trap density N 1 is constant. 
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lnstead of subdividing the recombination processes 
into two classes: tunneling (horizontal) and thermal (ver
tical), in the presented model every single electron-hole 
recombination is a combination of multiphonon capture 
(emission) and tunneling into (from) a multiphonon sub
level. Tue probability of those processes can be larger by 
several orders of magnitude. 

Tue model was developed for Fermi statistics and three 
bands in order to take account of the injection case in 
highly doped small gap systems. An analytical expression 
for the trap tunneling current could be derived under cer
tain assumptions (WKB limit, reverse bias branch, midgap 
level, equal masses) . The total breakdown characteristic 
was shown tobe superimposed ofindividual n-phonon tun
nel branches. 

Tue recombination model was applied to a 
H&>.sCdo.2Te n + p junction and a GaAs surface potential. 
Besides the trap energy level Et and two multiphonon pa
rameters (S, w0 ) a lifetime constant 7;,o for each kind of 
carriers has to be given, which includes the transition ma
trix element. Et> S, and w0 are available from deep level 
transient spectroscopy (DLTS) (DDLTS), whereas the 
7;,o have to serve as fit parameters. 

As part of the SRH rate the nonlocal rate of deep level 
to band tunnel transitions enters the Van Roosbroeck sys
tem of semiconductor device equations27 and determines 
the total current density together with the remaining re
combination processes. A computer routine has been de
veloped for use in existing device simulators. Here the 
problem had to be solved to find the classical tuming 
points of the electrostatic potential, which is calculated 
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self-consistently on a certain finite-element grid,28 for every 
multiphonon energy sublevel at a given grid point. 

As long as the trap concentration Nt is considered con
tinuous it only scales the SRH lifetimes. Any discrete trap 
distribution yields sharp ftuctuationi> of the forward 
lsRH - U characteristic. Such oscillations result from the 
fact that each n-phonon tunneling transition becomes den
sity of states Iimited if the extemal voltage is increased. On 
the other band, the separation of the sublevels has its origin 
in the supposed sharpness of the one mode multiphonon 
spectrum (Einstein model). Various damping mecha
nisms, like phonon dispersion, phonon-phonon collisions, 
etc„ smooth out the lineshape function and allow the ob
servation of the described ftuctuations, if at all, at very low 
temperatures. 

Sharply structured forward 1-U characteristics, similar 
to that described in this paper, have been observed 
recently29 at GaAs Schottky mixer diodes under strong 
illumination with an infrared laser beam at room temper
ature. There, a tunnel bump with short period dips 
emerged indicating multiphoton-assisted trap tunneling. 
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