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Abstract

An explicit proof of a simple time-step propagation scheme is given in the framework of basic probability theory. It
can be used in Monte Carlo simulations solving the Boltzmann transport equation. If the stochastically selected first
scattering event occurs before a given time t1, the particle is propagated as usual until the end of the corresponding
free-flight time; otherwise, however, the propagation can be stopped in this scheme at t1 and a new random number
can be generated to decide whether the first scattering event occurs before the next specified time t2.
© 2002 IMACS. Published by Elsevier Science B.V. All rights reserved.
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1. Introduction

Monte Carlo simulation has been established as a stochastic method for the solution of the Boltzmann
transport equation [1–3] which is an integro-differential equation for the electron distribution function. Its
solution can be used to compute macroscopic quantities such as the electron density or the current density.
Since the Boltzmann transport equation considers the electron drift in the electric field as well as the
scattering events at a microscopic level, it allows one to take physical effects occurring in deep submicron
metal-oxide-semiconductor field-effect transistors (MOSFETs) into account, for example ballistic and
hot-electron transport. Various algorithms have been developed to improve the computational efficiency
of the Monte Carlo simulation. Among them is the self-scattering scheme of Rees [4] which uses an upper
estimate Γ of the scattering rate to greatly facilitate the determination of the collisionless flight-time.
In order to avoid at the same time a large number of self-scattering events involved with a global upper
estimation, a variable Γ scheme is often being employed [1,5–7]. This scheme is especially useful for
full-band Monte Carlo simulation where the electronic band structure is not described by an analytical
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formula, but computed by the empirical pseudopotential method and stored in a table. Here it is natural to
assign a different Γ to each element of the discretized phase-space. However, for large selected free-flight
times the electron will leave the original phase-space element and the flight-time is usually adjusted in
order to accommodate the change of Γ [5–7]. It is the aim of this paper to show in the framework of
basic probability theory that such an adjustment is not necessary, but that simply a new flight-time can
be stochastically selected if the border of the original phase-space element is crossed.

2. Proof of the propagation scheme

The proof is based on the calculation of the probability that there is no scattering between the times
0 and t . This event is equivalent to the time of the first scattering, ts, being larger than t and therefore
the event will be denoted by {ts /∈ (0, t)}. At first, we decompose the time interval (0, t) into two not
necessarily equidistant time intervals and consider the event {ts ∈ (0, t)} that the first scattering does
occur between 0 and t . The first scattering occurring between 0 and t is equivalent to the first scattering
occurring between 0 and t1 or the first scattering occurring between t1 and t , where t1 is a time somewhere
between 0 and t . This leads to the union of the corresponding sets according to

{ts ∈ (0, t)} = {ts ∈ (0, t1)} ∪ {ts ∈ (t1, t)}. (1)

Taking the complement of (1) and applying de Morgan’s rules yields

{ts ∈ (0, t)} ≡ {ts /∈ (0, t)} = ({ts ∈ (0, t1)} ∪ {ts ∈ (t1, t)}) = {ts ∈ (0, t1)} ∩ {ts ∈ (t1, t)}
≡ {ts /∈ (0, t1)} ∩ {ts /∈ (t1, t)}, (2)

i.e. we obtain for the probability that there is no scattering between the times 0 and t

P ({ts /∈ (0, t)}) = P({ts /∈ (0, t1)} ∩ {ts /∈ (t1, t)}). (3)

Eq. (3) is completely general and does not refer to the Boltzmann transport equation. On the other hand,
in the specific case of the Boltzmann transport equation (BE), this probability is given by [8,9]

PBE({ts /∈ (0, t)}) = exp

(
−

∫ t

0
S(k(τ )) dτ

)
, (4)

where S is the scattering rate and k(τ ) the electron’s momentum at time τ . The exponential in Eq. (4)
allows a factorization according to

PBE({ts /∈ (0, t)}) = PBE({ts /∈ (0, t1)} ∩ {ts /∈ (t1, t)})
= exp

(
−

{∫ t1

0
S(k(τ )) dτ +

∫ t

t1

S(k(τ )) dτ

})

= exp

(
−

∫ t1

0
S(k(τ )) dτ

)
× exp

(
−

∫ t

t1

S(k(τ )) dτ

)

= PBE({ts /∈ (0, t1)}) × PBE({ts /∈ (t1, t)}). (5)

Since P(A ∩ B) = P(A) × P(B) for stochastically independent events A and B, Eq. (5) proves that
the absence of scattering in the interval (t1, t) is independent of the absence of scattering in the interval
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(0, t1). In other words, when the event that the first scattering does not occur before t1 is realized (with
the help of a random number r uniformly distributed in [0, 1)), the particle can be propagated until t1 and
then a new random number can be generated to decide whether scattering occurs in the next interval.

3. Consistency check

It remains to investigate the opposite event where the first scattering occurs before t1 and the electron
is propagated as usual within the self-scattering scheme according to [1]

ts = − 1

Γ
ln(1 − r). (6)

Here, Γ denotes an upper estimation of the scattering rate S(k).
For the calculation of the probability that the first scattering occurs before t1 we use the following

equation:

PBE({ts ∈ (0, t1)} ∪ {ts /∈ (0, t1)}) = PBE({ts ∈ (0, t1)}) + PBE({ts /∈ (0, t1)}) = 1, (7)

which follows from (i) P(A ∪ B) = P(A) + P(B) for A ∩ B = Ø and (ii) P(A) + P(Ā) = 1. The
probability sought-after is therefore given by

PBE({ts ∈ (0, t1)}) = 1 − PBE({ts /∈ (0, t1)}) = 1 − exp

(
−

∫ t1

0
S(k(τ )) dτ

)
= 1 − exp(−Γ t1),

(8)

where in the last step the self-scattering scheme has been invoked. The event that the first scattering occurs
before t1 is realized if a random number r , uniformly distributed in the interval [0, 1), is smaller than the
probability PBE({ts ∈ (0, t1)}). Then the following equivalences hold:

{ts ∈ (0, t1)} ⇔ r < PBE({ts ∈ (0, t1)}) ⇔ r < 1 − exp(−Γ t1) ⇔ 1 − r > exp(−Γ t1)

⇔ −ln(1 − r) < Γ t1 ⇔ ts < t1, (9)

where the definition of ts in (6) has been used. This shows that the free-flight time is smaller than t1 if the
first scattering occurs before t1. Finally, we note that in this scheme the computationally relatively costly
logarithm in (6) needs only to be computed if the event that the first scattering occurs before t1 is realized
according to the third expression of (9).

4. Summary

The above considerations have proven in terms of basic probability theory the following propagation
scheme for the Boltzmann transport equation. First, a random number is used to determine whether the
first scattering occurs before a given time t1. In this case, the particle is propagated according to the
corresponding free-flight time, otherwise until t1. Then a new, possibly different time step is defined and
the procedure is repeated. The validity of this scheme has been verified by an explicit comparison with
the standard Monte Carlo scheme and was used for an efficient full-band Monte Carlo device simulation
[10].
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